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Many concentrated paste-like materials are composed of deformable particles 
randomly packed into a dense suspension. Examples of the constituent soft particles 
include polyelectrolyte microgels, emulsion droplets, polymer coated colloids, and star 
polymers. These materials share in common many properties such as yield stress, shear 
thinning, non-zero normal stresses, wall-slip, shear-banding, memory and aging (similar 
to that in structural, spin and polymer glasses). Their unique properties make soft particle 
pastes (SPPs) scientifically interesting and extremely useful in industrial applications (as 
rheological modifiers). In this dissertation particle simulations, theoretical models and 
experiments are used to study the flow dynamics and rheological behavior of SPPs near 
 viii 
confining surfaces - wall-slip and shear flow, and in the bulk - elasticity at small stresses 
and the non-linear shear rheology.  
In the study of slip near smooth surfaces, rheological measurements are shown 
that identify the influence of the chemical nature of the shearing boundary on slip at the 
shearing boundary. A modified elastohydrodynamic model is presented that incorporates 
attractive and repulsive short range interactions between the paste particles and captures 
the corresponding suppression and promotion of slip at the wall. Further, fluorescence 
microscopy and particle tracking velocimetry is used to visualize slip and flow of pastes 
near smooth boundaries and study the sensitivity of the bulk flow profile to the nature of 
the shearing surface.  
In the study of elastic properties of pastes, SPPs are modeled as three-dimensional 
systems of randomly packed elastic spheres. Simulations are performed wherein the 
packing is subject to small deformations to compute the high- and low-frequency shear 
moduli. The simulation results are compared with the data from experiments on microgel 
pastes. This model is extended to study paste dynamics under simple shear with added 
pairwise elastohydrodynamic lubrication interactions between the densely packed soft 
particles. The shear and normal stress differences generated during simple shear flow are 
calculated that compare well with the experimental data. In addition, the pair distribution 
function of the initial isotropic configuration, the elastically deformed and the steady 
sheared configurations is investigated. A semi-empirical analysis of the microstructure 
and its evolution due to shearing is presented. 
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CHAPTER 1 
 
INTRODUCTION 
 
1.1 Suspensions of Soft Particles 
This dissertation is focused on the deformation and flow of a special class of 
complex fluids.  In general, the term “complex fluid” is used for materials that have 
mixed “solid-like” and “liquid-like” characteristics and their response to a mechanical 
disturbance (like compression, extension, or shear) depends on the time scale of the 
stimulus i.e., on how quickly or slowly the materials is disturbed.  For example, a brush-
load of paint will not drain like water but will become thinner or flow freely when the 
brush is rubbed on a surface.  In contrast a mass of Silly Putty bounces like an elastic 
solid if dropped but flows like a viscous liquid when undisturbed [Larson (1999)]. The 
characterization of complex fluids hence involves rheological measurements that identify 
the relationship between the applied force, material response and the time scale. 
The purpose of this dissertation is to study the rheology of very dense, paste-like 
colloidal dispersions of soft particles. These fluids are different from usually studied 
hard-sphere materials because of the soft and deformable nature of the dispersed phase. 
The range of dispersed phase packing fractions attainable for a suspension of rigid 
 2 
spheres is limited because of the fixed and finite size of the dispersed particles. The 
maximum attainable packing fraction is that of an ordered FCC lattice at approximately 
0.74. In a disordered state the maximum attainable packing fraction is approximately 
0.64Cφ = .1  On the other hand, soft spheres can deform and adapt their shapes to external 
forces and steric constraints and it is possible to form very dense suspensions with 
packing densities beyond Cφ  up to unity. Hard sphere suspensions exhibit a sharp 
increase in viscosity around 0.58φ =  due to jamming and form glassy materials with 
extremely slow response times.  Soft spheres suspensions at equal or higher densities are 
glassy and solid-like at small or zero applied stresses, but become mobile and liquid-like 
at higher stresses.  Complex fluids that are suspensions of soft particles with disperse 
phase volume fractions between  and 1Cφ  have a paste-like consistency and are 
microstructurally “jammed” and disordered and will henceforth be referred to as soft 
particle pastes or SPPs.  
SPPs are common in our everyday lives − examples include food products (like 
mayonnaise), consumer and cosmetic products (like toothpaste), and some biological 
fluids like vesicles.  In the past decade many novel fluids that fall under the category of 
soft colloidal glasses (see figure 1.1) have been synthesized using soft particles such as 
swollen polyelectrolyte microgels (~200 nm) [Borrega et al. (1999)], emulsion droplets 
(~1.5 µm) [Mason et al. (1995)], foam cells [Denkov et al. (2005)], polymer coated 
colloids (~100 µm) [Fridrikh et al. (1996)] and star polymers (~10 nm) [Seghrouchni et 
                                                 
1
 This limit is termed as the maximally random close packing fraction [Torquato et al. (2000)] or 
commonly referred to as the random close packing fraction.  
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al. (1998)].  All of the above materials are essentially dense suspensions of soft particles 
i.e., they consist of deformable entities (such as soft particles, droplets or bubbles) 
suspended in high concentrations in a second continuous fluid phase. Though all these 
can deform elastically, the source of elasticity in each one is different. Polyelectrolyte 
microgels consist of crosslinked copolymer chains bearing acid groups which upon 
ionization cause the particles to swell (figure 1.1a). Their elasticity is supported by the 
osmotic pressure of the counterions. In emulsions and foams (figures 1.1c and 1.1e), 
surface tension is the source of droplet elasticity.  Deformation of an emulsion droplet or 
a foam cell causes a departure from the equilibrium spherical shape and an increase in the 
surface energy that resists deformation.  For colloidal particles coated in polymer chains 
as in figure 1.1(f) softness is imparted through the outer polymer shell. In spite of the 
difference in the particle sizes (from a few nanometers for microgels to several microns 
for foams) and source of elasticity, all of these materials show similar flow and 
rheological characteristics. They exhibit mixed solid and liquid behavior: when 
undisturbed they appear like elastic solids but flow like a liquid in response to large 
forces. In addition these dense suspensions display characteristic non-linear rheology, 
normal and yield stresses, complex shear thinning [Cloitre et al. (2003)], coating 
instabilities, wall-slip [Ketz et al. (1988), Meeker et al. (2004a, 2004b), and Denkov et 
al. (2005)], heterogeneous flows [Coussot et al. (2002)], and non-equilibrium phenomena 
like aging and memory [Cloitre et. al. (2000), Ramos et al. (2001)].  Henceforth in this 
dissertation, these materials are collectively referred to as Soft Particle Pastes or SPPs. 
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Figure 1.1: Examples of soft particle suspensions - (a) schematic of a 
swollen microgel particle; (b) AFM image of a microgel paste; (c) 
confocal microscope image of a compressed silicone oil in water 
emulsion; (d) sketch of a concentrated star polymer solution with 
interpenetration between the macromolecules (diameter = 40 nm) [Beris et 
al. (2008)]; (e) confocal image of an aqueous foam; (f) polymer coated 
silica particles; (g) optical microscope picture of a multi-lamellar vesicle 
gel. [Ramos and Cipilletti (2001)] 
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Due to their flow properties, SPPs are used in many industrial processes as 
rheological modifiers e.g., for friction reduction in cement pumping and hydrofracturing 
processes; for sharp transition between yield and flow of inks that is critical for efficient 
screen-printing and surface coating [Wolfe (1992)]; and for controlling surface defects 
due to slip during extrusion [Piau and Agassant (1996)].  Efficient processing and design 
of industrial handling equipment for SPPs depends upon accurate knowledge of the 
behavior of these materials. In addition microgels are stimuli responsive materials and the 
particle behavior and suspension rheology can be controlled by changes in the 
environment such as the pH [Borrega et al. (2000)] or temperature [Senff and Ritchering 
(1999)] and hence hold promise as a dual function material whose rheology can be 
controlled by changes in the environment.  The swell-deswell behavior is employed for 
use as carriers in targeted drug delivery, i.e., for delivering vaccines and other therapeutic 
agents specifically to immune cells, tumors, and sites of inflammation in the body.  
 
Despite their usefulness, many aspects of their flow behavior are not fully 
understood.  They begin to flow only when exposed to a stress greater than the critical 
yield stress (σy).  The yield stress, critical strain rate and transition to flow are largely 
dependent on both the paste properties and the nature of the shearing material. When 
sheared by a sufficiently rough wall, there is homogenous bulk flow above σy.  But when 
the walls are smooth, the paste first slips at the walls and then actually flows at higher 
strain rates.  Knowledge about factors that promote or suppress slip is important for their 
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use in industry. For example, in ceramic extrusion, slip is undesirable as intermittent 
slipping and sticking of the paste can result in a broken and non-uniform extrudate 
surface [Piau and Agassant (1996)].  Further, microscopic investigations [Coussot et al. 
(2001) and Goyon et al. (2008)] and molecular simulations [Varnik et al. (2003)] of soft 
glassy colloids in the bulk and in confinement have found that their flow is usually non-
homogeneous. The material forms distinct flow phases – a stationary phase (at zero or 
low rate) with solid-like bands, and a flowing phase (at higher shear rates) with a fluid-
like band. It is uncertain how the nature of the flow profiles depends on the material 
properties and the flow environment (the applied shear rates and the physical or chemical 
nature of the confining boundaries), which makes interpretation of the macroscopic 
rheology measurements rather difficult.   
Meeker, Bonnecaze and Cloitre (2004a, 2004b) performed a systematic study of 
wall-slip flow in SPPs and identified three flow-regimes (refer figure 1.2). Regime I is 
observed at sufficiently high shear stresses ( )5.1/ ≥yσσ , where slip is negligible 
compared to the bulk flow. The stress versus strain rate variation for smooth surfaces 
(solid blue line) is the same as that for a paste sheared by a rough wall (solid green line). 
Consequently, in regime I, the macroscopic rheology does not depend on the wall 
roughness.  Regime II is observed just above the yield stress ( )2.1/1 ≤< yσσ , where wall 
slip becomes significant and the total deformation results from a combination of bulk 
flow and slip.  There is a clear influence of slip on the rheology but, after correction of 
the slip effects, the bulk flow is the same as that measured using rough surfaces.  Regime 
 7 
III is observed at and below the yield stress h.  Here, bulk flow is negligible and the 
motion is due entirely to the slipping of the paste. This wall-slip was attributed to the 
presence of a solvent layer between the shearing surface and the paste particles.  
Figure 1.2: Schematic of the stress versus strain rate behavior observed for 
SPPs sheared by rough (green line) and smooth (blue line) surfaces. The 
dashed red lines mark the slope of ½ observed for bulk and apparent flow 
curves. The lubrication theory of Meeker et al. (2004a, 2004b) predicts a 
slope of ½ for paste particles slipping at a smooth wall.  
Meeker et al. proposed that elasto-hydrodynamic lubrication among the particles 
and the wall explained the above observations.  With this model they were able to predict 
correctly that the shear stress depends on the strain rate according to 2
1γσ ɺC= . They 
were also able to make quantitatively accurate predictions about the slip velocity and the 
Shear 
Stress
 
appγɺ
yσ ′
σ  
Strain 
Rate
 
yσ  
Regime III Regime II 
Regime I 
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constant C based on the physical properties of the system.  A key concept in this theory is 
the assumption that the low-frequency shear modulus of the paste (Go) scales similarly to 
the osmotic pressure or isotropic stress of the paste (pi); that is, ~ oGpi .  
The exponent of ½ reappears in the bulk flow curves (the green line in figure 1.2) 
obtained for compressed emulsions and polyelectrolyte microgels [Cloitre et al. (2003)], 
block polymer micelles [Merlet (2008)], and for star polymers sheared well above the 
yield stress [Beris et al. (2008)]. The similar scalings observed for bulk flow curves (no-
slip) and apparent flow curves (total slip) indicate that elasto-hydrodynamic lubrication 
interactions [Meeker et al. (2004a, 2004b)] might be governing the relative motion 
between particles during shear flow.  If valid, this could explain the slope of ½ and the 
origin of the universal flow curves observed for SPPs.  
Another interesting feature of SPP rheology is that they exhibit the phenomena of 
‘aging’ and ‘memory’ [Cloitre et al. (2000)] which probably originates from their 
jammed and glassy microstructure [Weitz (2001)].  Figure 1.3 [from Cloitre et al. (2000)] 
shows this aging through the strain recovery as a function of time for a microgel paste 
following the cessation of flow for applied stresses above the yield stress. The paste is 
sheared for sixty seconds prior to flow cessation to erase the initial state of the system or 
‘rejuvenate’ it, during which time the paste is fluidized. The recovered strain is 
independent of the initial applied stress and its magnitude increases slowly and 
logarithmically with time, as has also been seen in systems ranging from spin glasses 
[Cugliando et al. (1994)], granular materials [TenCate et al. (2000)] and nematic 
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elastomers [Clarke et al. (1998)].  Cloitre et al. also discovered that the microgel pastes 
have an apparent memory.  They observed that if a small stress less than the yield stress 
is applied to the pre-sheared paste after a waiting time of tw, the paste at first deforms in 
the direction of the small stress, but then starts to deform in the opposite direction 
continuing its original discovery.  Remarkably, the paste ‘remembers’ its original state 
and persists in returning to it.  
Figure 1.3: Strain recovery following cessation of flow of a microgel 
initially sheared at stresses above the yield stress of the paste [Cloitre et al. 
(2000)] 
Evolution of the aging process and its effects on the rheology is of fundamental 
interest. Yet, there are no fundamental models quantitatively relating aging to the nature 
of the particle and fluid and their interactions. The aging in pastes also appears to be 
analogous to aging in structural [Utz et al. (2000)] and spin [Jonason et al. (1998)] 
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glasses and elastomers [Clarke et al. (1998)], and so the insights into the phenomenon in 
pastes may be broadly applicable.  
Overall, the paste non-linear rheology [Cloitre et al. (2000)], wall-slip [Meeker et 
al. (2004a, 2004b)], and non-homogeneous flow [Coussot et al. (2002)] coupled with 
non-equilibrium behavior makes SPP characterization particularly difficult. Complete 
knowledge of the flow and rheology of SPPs calls for carefully designed, well-controlled 
experiments. These along with computational models and particle-scale simulations hold 
promise for answering the fundamental principles governing paste behavior and its 
dependence on the material and processing parameters.  
 
1.2 Dissertation Outline 
For my dissertation, I have investigated the flow and rheology of SPPs with the 
goal of understanding the origin of their flow characteristics and indentifying the 
controlling process parameters that govern them. The following is a brief description of 
the various aspects of SPP behavior that I have studied, each of which is then presented 
in the ensuing chapters: 
Control of wall-slip near smooth surfaces by manipulating “stickiness” of the 
boundary 
Rheological experiments of microgel pastes sheared between different smooth plates are 
presented which indicate that wall-slip is either suppressed or promoted depending on 
whether the interactions between the paste and the wall are attractive or repulsive. 
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Experimental observations are supported by an elastohydrodynamic slip model that 
incorporates short-range interactions between slipping paste particles and the wall. The 
model encompasses different slip regimes observed in our experiments and can predict 
the slip behavior accurately for well characterized surfaces. The experimental results and 
the model are described in the next chapter.  
Tribology and heterogeneous flow of soft colloidal glasses 
Flow visualization of microgel pastes and compressed emulsions sheared near smooth 
surfaces reveals that soft glassy colloids choose either a shear-banded or a uniform flow 
profile depending whether the shearing boundary is attractive or repulsive. Velocity 
profiles and wall-dependent flow curves measured using fluorescence microscopy and 
particle tracking velocimetry are presented in Chapter 3.  
Elastic properties 
SPPs are yield stress fluids and behave like soft-solids when no or small stress are 
applied, but will move or flow like fluids above their yield stress. In Chapter 4 a 
simulation study of the paste elasticity and its dependence on particle stiffness and 
concentration and suspension microstructure is presented. The results from the 
simulations are compared with experimental results for the low-frequency paste modulus 
measured for concentrated microgel pastes and compressed emulsions. The assumption 
of Meeker et al. (2004a, 2004b) that the paste modulus must scale like the osmotic 
pressure was also evaluated. 
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Bulk dynamics and non-linear rheology 
In Chapter 5, the non-linear rheological characteristics of flow of SPPs above the yield 
stress are studied using simulations of disordered soft sphere suspensions. Pair-wise 
elasto-hydrodynamic lubrication interactions are used to study the paste response under 
simple shear flow. The computed shear stresses and normal stress differences. There is 
excellent agreement between the results from the simulations and experimental data for 
microgel pastes, compressed emulsions, and diblock copolymer micelles. The influence 
of shear on the dynamic pair distribution function and its contribution to the shear and 
normal stresses is discussed.  
 
In the subsequent chapters theoretical models, particle-level simulations, and 
experimental studies of SPP rheology will be presented. Investigation of slip and yielding 
of pastes near smooth surfaces are investigated using macroscopic rheological 
measurements and visualization and are presented in Chapters 2 and 3, respectively. In 
Chapters 4 and 5, particle-level simulations of the glassy materials for predicting bulk 
elastic and flow properties. Results from the computational studies will be validated by 
comparison with data from experiments2. Simulations are also used to analyze paste 
microstructure and its contribution to the bulk rheological properties.  
 
                                                 
2
 The experiments presented in this dissertation were performed by several people 
including the author. Appropriate references have been mentioned where applicable.  
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CHAPTER 2 
 
INFLUENCE OF SHORT-RANGE FORCES ON  
WALL-SLIP IN MICROGEL PASTES 
 
 
2.1 Introduction 
Concentrated dispersions are prone to slip near solid surfaces during shear 
[Barnes (1995)]. Wall-slip has been reported in a variety of solid particle dispersions such 
as concentrated suspensions [Aral and Kalyon (1994), Walls et al. (2003)], flocculated 
systems [Buscall et al. (1993), Russell and Grant (2000)], particulate gels [Persello et al. 
(1994), Pignon et al. (1993)] and suspensions of fillers in polymer matrices [Kalyon et al. 
(1993)]. Wall-slip also occurs in dispersions made of soft and deformable particles: 
emulsions [Plucinski et al. (1998), Pal (2000), Egger and McGrath (2006)], foams 
[Denkov et al. (2005)], microgel suspensions [Meeker et al. (2004a, 2004b)] and 
commercial pastes [Bertola et al. (2003)]. In this chapter a study of wall-slip in 
concentrated microgel pastes is presented that can, in general, be extended to other 
concentrated dispersions of soft particles.   
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When sheared within rough boundaries, concentrated dispersions flow uniformly 
and exhibit a bulk yield stress σy. When sheared with smooth surfaces, flow is 
inhomogeneous at low stresses - a combination of wall-slip and bulk flow. Apparent 
motion, due to wall slip, is possible well below σy until a sliding yield stress yσ ′  is 
reached at which point the paste apparently sticks to the wall and there is no slip. The 
physical mechanism of slip at low stresses and the origin of the second yield stress have 
so far been unresolved issues.  
The slip-stick behavior of concentrated dispersions has severe implications with 
regard to the rheological characterization, transport and processing of these materials 
especially in the ceramic, coating [Wolfe (1992)], cement, cosmetic and pharmaceutical 
[Saunders and Vincent (1999)] industries. Controlling and curing the occurrence of wall 
slip in particulate dispersions are thus two crucial objectives, from both fundamental and 
technological perspectives, and require a clear perception of the parameters controlling 
the slip-stick transition. 
It is now admitted that slip is localized to a thin layer of solvent near the wall. In a 
previous study of wall slip in emulsions and microgel pastes [Meeker et al. (2004a, 
2004b)], a non-contact elastohydrodynamic lubrication theory was proposed which 
explains slip for the case of soft and deformable particles like emulsion droplets, particle 
gels, vesicles. This model starts from the observation that soft elastic particles near 
moving surfaces are deformed asymmetrically, and the resulting lubrication flow 
generates a lift force deforming the particle away from the wall (against the bulk osmotic 
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pressure). The coupling between elastic deformation of the particles and gap 
hydrodynamics maintains a lubricating film of solvent near the wall making slip possible. 
Quantitative predictions of the onset of slip and of the variations of the shear stress with 
velocity were obtained and verified experimentally.  
The aim of this study was to develop practical solutions for eliminating and/or 
controlling slip in applications. Rough surfaces are commonly used to suppress wall slip. 
The influence of varying degree of roughness was examined in detail by Meeten (2004). 
In this chapter we suggest another method, yet scarcely explored, for controlling wall-
slip. Starting from the observation that the thickness of the layer of solvent that sustains 
wall-slip is less than 20 nm [Meeker et al. (2004a, 2004b)], it is quite likely that across 
these short distances various short range interactions between the particles and the 
boundary can influence wall-slip. Thus, the surface chemistry at the boundary must be 
important. Modification of the surface to develop surface forces, either attractive or 
repulsive, with the particles of the dispersion expected to influence the occurrence and 
magnitude of wall-slip. In this chapter, this idea is tested for the case of soft microgel 
pastes slipping near rigid surfaces.  
In this study systematic slip data using various surfaces with well-characterized 
surface properties is obtained. This allows distinction between net attractive situations 
where the sliding yield stress yσ ′  can be relatively large and repulsive situations where it 
is very small. Then, an extension of the elastohydrodynamic slip theory that includes 
interactions between the wall and the particles adjacent to it is derived. Various types of 
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short-range interactions (dispersion forces, hydrophilic/hydrophobic interactions, 
electrostatic forces) are considered. The predictions of the model encompass the repulsive 
and attractive slip regimes observed in the experiments and show that in the absence of 
any residual roughness, the short range forces account for the sliding yield stress yσ ′ . 
The outline for the remainder of the chapter is as follows. In §2.2 the 
experimental methods are described and results showing the influence of surface-
chemistry on wall-slip are presented. In §2.3 the modified elastohydrodynamic 
lubrication model is introduced. In §2.4 numerical solutions from the model are shown. 
The results are then analyzed and compared with the experimental data in §2.5. Scaling 
arguments are presented to get further insight into the mechanisms at work. Finally, §2.6 
concludes with a discussion about how these results offer possibilities to control wall-slip 
through the use of chemically-modified surfaces. 
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2.2 Experimental Methods and Results 
In order to probe the influence of surface chemistry on wall-slip, slip experiments 
were performed by shearing microgel pastes using smooth plates with different surface 
properties. In this section the microgel paste samples and the surfaces used are described 
followed by the experimental setup and the measurement procedure. The results for the 
shear rheology and wall-slip experiments are then presented for different smooth shearing 
surfaces.  
2.2.1 MICROGELS  
The microgels with the weight fractions of ethyl acrylate (EA), methyl 
methacrylic acid (MAA) and dicyclopentenyloxyelthylene methacrylate (DCPOEMA) 
equal to 34 %, 65 % and 5 % respectively have been used in this study. Their structure is 
similar to that of a polymer gel network consisting of EA/MMA copolymer strands 
crosslinked by multifunctional DCPOEMA units. The mesh size is determined by the 
amount of DCPOEMA in the reaction bath and the reaction conditions. It is convenient to 
characterize the mesh size by the average number of monomers between two crosslinks 
(NX). Assuming that the monomers are uniformly distributed inside the microgels we find 
NX = 28. Each swollen microgel particle contains about 2-3 wt % polymer, the rest being 
water. The undeformed swollen microgels have a spherical shape with hydrodynamic 
radius 120R =  nm.  
Most of the experiments were performed using concentrated microgel suspensions 
(pastes) with a net polymer concentration C = 0.055 g/g. This concentration corresponds 
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to a particle packing fraction of 0.8 [Seth et al. (2006)]. Because of the high volume 
fraction, the particles are packed closely together in an amorphous structure. The pastes 
exhibit solid-like behavior for small applied deformations. The storage modulus ( )G ω′  
exhibits a low frequency plateau Go (Go = 780 Pa) much greater than the loss modulus. 
At higher stresses and strains however, the pastes yield and flow. The yield stress (σy = 
34 Pa) and the yield strain (γy = 0.05) have been determined using the procedure 
described earlier [Cloitre et al. (2003b)]. Some experiments were also performed with 
higher polymer concentration (C = 0.06 g/g and 0.065 g/g) pastes. The corresponding 
moduli and yield stresses are: Go = 1100 Pa and 2200 Pa, σy = 53 Pa and 117 Pa 
respectively.  
2.2.2 SURFACES 
The pastes were sheared using smooth plates with different surface properties 
(refer Table 2.1). The residual roughness of all the surfaces was less than 5 nm - much 
smaller than the dimension of the paste particles. Five surfaces were studied: (1) scotch 
tape polymer surfaces similar to those previously studied by Meeker et al. (2004a, 
2004b); (2) glass plates grafted with octadecyltrichlorosilane (OTS); (3) glass surfaces 
coated with polymethyl methacrylate (PMMA); (4) gold surfaces; and (5) silicon 
surfaces. The polymer surfaces (1) were prepared by carefully sticking commercially 
available scotch tape on a glass plate (thickness ≅  0.1 mm). The surfaces were cleaned 
with alcohol and rinsed several times before use. The OTS coating (2) was prepared by 
grafting octadecyltrichlorosilane on a glass substrate. The glass surface to be coated was 
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first plasma-cleaned for 30 seconds and carefully dried. It was then immersed into a 
solution of chloroform containing 1 wt% of octadecyltrichlorosilane and incubated for 
60 s . The surface was then carefully rinsed with clean chloroform (in order to remove 
excess OTS), dried using nitrogen and maintained at 90°C for about one hour. The 
PMMA (3) surface was prepared by spreading a concentrated solution of PMMA in 
chloroform using the draw-coating technique. After complete evaporation of chloroform, 
the polymer film thickness was about 0.2 mm. The gold (4) and the silicon (5) surfaces 
were both purchased from ACM (France). The gold surfaces (4) are made by gold vapor 
deposition on a silicon wafer. The gold layer is approximately 500 nm thick. The silicon 
surfaces (5) are pure silicon wafers used in the microelectronics industry. It is well-
known that these silicon wafers are covered by a thin silicon oxide layer (thickness ≅ 
2 5 nm≅ − ) that spontaneously develops once silicon is exposed to oxygen [Kerle et al. 
(2006)].  
The main characteristics of the different surfaces are listed in Table 2.1. Clearly, 
they differ by their wetting properties: while scotch tape, PMMA, and OTS are 
hydrophobic, silicon wafers are easily wetted by water and the gold surfaces show 
intermediate behavior. In practice wall-slip is sensitive to the presence of impurities on 
the surfaces and proper cleaning procedures were followed to ensure reproducibility of 
results. Behavior of the gold surfaces was found to evolve upon initial use. The contact 
angle measured for a gold surface fresh from the manufacturer was 87  while that for a 
used surface was 73 . This reduction in hydrophobicity is permanent and irreversible, 
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after which the surface is stable and does not evolve. Only the final reproducible results 
for the gold surfaces have been reported in this study.  
 
Table 2.1: Smooth surface properties and sliding yield stress measured using microgel 
paste of concentration C = 0.055 g/g.  
 
1 This value indicates the smallest applied stress for which we can obtain a steady state 
strain rate and refers to the last data point (smallest stress) in the experiment results 
shown in figure 2.1. 
2
 The parameters in equation 4 that best fit the experimental data for wall slip. The value 
of yσ ′  reported here is close to but not exactly the same as the smallest possible steady 
state slip measurement.  
3 Bergstrom et. al (1999) 
4
 Hanus et al. (2001) 
5 Ederth (2001) 
6
 Israelachvili (1991) 
7 Mougin and Haidara (2003), Sharma and Reiter (1996) 
 
 
 
Surface Contact 
angle with 
water 
θ  
(degree) 
Sliding yield 
stress1 
′yσ  
(Pa) 
Fitting 
parameters2 
[ ′yσ , n, V*] 
[Pa, -, mm/s] 
Surface 
Hamaker 
constant 
Ass 
(x 1020 J) 
Net 
Hamaker 
constant 
Am-w-s 
(x 1023 J) 
Scotch tape 85 6.0 [5.5, 0.5, 0.38] 5.83 4.9 
PMMA 
coating 74 3.3 [1.25, 0.6, 0.5] 6
4
 5.4 
OTS coating 88 4.0 [1.5, 0.6, 0.5] 75 7.4 
Gold 87 (±3) [73 (±1)] 3.2 [3.4, 0.65, 0.37] 30
6
 37 
Silicon-silica 13 (±3) 0.7 - 5.2-207 3.6 
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The scotch, PMMA and, in some respect, the silicon surfaces exhibit limited 
durability against repeated use and cleaning. Hence, only the results for runs performed 
with single-use, fresh coatings are reported. All the surfaces are designed to have the 
same diameter (51 mm) so that they can be easily mounted on the same custom-made 
holder that adapts perfectly to the rheometer.  
2.2.3 MEASUREMENTS 
The rheometer used in this study is a RS 600 stress-controlled rheometer from 
Thermo Electron Scientific Instruments. Sample characterization and bulk rheology 
measurements were performed with rough-rough geometries. Roughened surfaces were 
prepared by sticking waterproof sandpaper on manufacturer-supplied geometries. 
Roughness of the sandpaper ( 30 mµ≅ ) was sufficient to totally eliminate slip, as was 
checked in our previous study [Meeker et al. (2004a, 2004b)]. For wall-slip 
measurements, smooth surfaces described in the previous subsection were used as the top 
shearing plate. The bottom plate was maintained rough, thus allowing slip only at the top 
boundary. For one case (scotch polymer surface), the measurements were made using a 
60 mm cone and plate geometry, with both the bottom plate and the top cone covered 
with polymer films. Samples were sealed in a water-saturated environment maintained 
using a solvent-trap to avoid evaporation and drying. 
Pastes are prone to exhibit long-time memory of the mechanical history to which 
they have been subjected, especially at stresses close to or below the yield stress [Cloitre 
et al. (2000)]. To erase the possible influence of stresses generated during sample loading 
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and of previous measurements, the paste was first pre-sheared by applying a stress 
exceeding the yield stress for 30 s. The applied stress was then reduced to the probe value 
and held constant until a steady state shear rate was reached. The actual torque applied by 
the rheometer T and the apparent shear rate at the edge of the plate appγɺ  were recorded at 
steady state. appγɺ  is related to the angular velocity Ω  of the plate and to the gap height e 
through appγɺ = Ω ( )maxr e , rmax being the radius of the plate. From these two quantities, 
the shear stress at the edge of the plate is calculated using the conventional method for 
parallel plate geometry [Macosko (1994)] as 
 
( )
( )3max app
ln
3
2 ln
d TT
r d
σ
pi γ
 
 = +
 
 
ɺ
. (2.1) 
The (
appγɺ ,σ ) flow curves obtained using this protocol are in perfect agreement with the 
flow curves measured with a cone and plate geometry, even in the presence of slip. Also, 
the results are independent of the duration and magnitude of the applied pre-shear stress. 
At low stresses in the slip regime σ < σy, the apparent shear rate is almost entirely 
due to slip at the top smooth plate. This results in a dependence of the apparent flow 
curves on the gap e between the plates. Since the slip velocity depends only on the 
applied shear stress [Meeker et al. (2004a, 2004b)] and is independent of the gap height, 
its magnitude can be deduced from the values of the apparent shear rate measured for the 
same stress but different plate-plate separations. For the same stress σ  applied at two gap 
height e1 and e2, the slip velocity sV  is given by [Yoshimura and Prudhomme (1988)]: 
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where 
,1appγɺ  and ,2appγɺ  are the apparent shear rates measured for gap heights e1 and e2. In 
the previous work [Meeker et al. (2004a)] the slip velocities so determined were 
validated against direct measurements from particle tracking velocimetry. Here, 
systematic experiments were performed at gap heights e = 0.5 mm, 1.0 mm, 1.5 mm and 
2 mm. Shear rate data from different gap heights were then used in equation 2 to 
calculate the slip velocity. The values thus obtained were independent of the gap height 
combinations, which validates the assumption that the slip velocity is independent of gap 
height.  
Meeker et al. (2004b) proposed an alternative method for determining the slip 
velocity from rheology data. In the slip regime (σ < σy), since the apparent motion is 
entirely due to slip, the slip velocity can be simply inferred from the velocity at the edge 
of the geometry: Vs(σ) = appγɺ e. This method has proven very efficient to measure the slip 
velocity and the results compare very well with direct measurements by particle tracking 
techniques and with data obtained from the method of Yoshimura and Prudhomme 
presented above.  
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2.2.4 EXPERIMENTAL RESULTS 
Figure 2.1 shows the bulk flow curve and the apparent flow curves for the 
microgel paste of concentration C = 0.055 g/g, measured using different shearing surfaces 
(OTS, PMMA, silicon and gold) with parallel plate geometry (gap height e = 2 mm). The 
inset shows the bulk flow curve and the apparent flow curve measured using a 60 mm 
cone and plate geometry with both the cone and the plate covered with scotch film. The 
solid line represents the Herschel-Bulkley curve ny appKσ σ γ= + ɺ  that best fits the bulk 
rheology data obtained when both plates are rough. The Herschel-Bulkley parameters are: 
yield stress σy = 34 Pa, coefficient K = 6.5 and exponent n = 0.48. These values are 
consistent with those reported earlier [Meeker et al. (2004a, 2004b)]. For each of the 
different smooth surfaces studied, the flow curve is superimposed on the bulk flow curve 
for yσ σ>  but deviates around the bulk yield stress at a critical shear rate 
*
appγɺ . For lower 
applied stresses the paste motion is dominated by wall slip [Meeker et al. (2004a, 
2004b)] and the apparent flow curve is strongly surface dependent. A secondary yield 
stress yσ ′  is observed below which there is no more wall-slip and the paste is apparently 
stuck to the wall. Henceforth, yσ ′  is referred to as the “sliding yield stress”. Note that it is 
the same as the apparent yield stress reported in Meeker et al. (2004b).  
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Figure 2.1: Applied shear stress versus the steady state strain rate for 
microgel pastes (concentration C = 0.055 g/g) sheared with different 
smooth surfaces. The bulk rheology data (•) obtained using rough-rough 
geometry is also shown. The solid line is a Herschel-Bulkley fit 
( ;ny Kσ σ γ= + ɺ  34,  6.5,  0.48)y K nσ = = =  to the bulk rheology results. 
The main figure shows data obtained using 51 mm parallel-plate geometry 
(gap height e = 2 mm) with a rough bottom plate (stationary) and a smooth 
top plate (rotating). Symbols show data obtained from experiments 
performed using different smooth shearing plates: OTS (▲), PMMA (▼), 
gold (∆), and silicon (●). The plot in the inset shows data obtained using a 
60 mm cone and plate geometry where both surfaces are covered with 
scotch-tape (ο). While the surface has no effect on the bulk rheology 
( yσ σ> ), it strongly influences the rheology in the slip regime ( yσ σ< ). 
The arrows mark the critical shear rates *appγɺ  at the onset of the slip 
regime. 
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Interestingly, the value of the strain shear rate *appγɺ marking the onset of total slip 
can be accurately predicted using the method proposed by Meeker et al. (2004a, 2004b). 
They showed that for slip occurring at one surface (figure 2.1) *appγɺ = V*/e, where e is the 
gap at the edge of the geometry and V* is a characteristic velocity that depends only on 
the paste properties:  
 
1/3
p* 2 0
0
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η
  
=   
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, (2.3) 
where Go is the paste shear modulus, Gp is the particle modulus (defined later in §2.3.3), 
R is the microgel radius, ηs is the solvent viscosity and γy is the yield strain. When slip 
occurs at both surfaces (inset of figure 2.1), they find that * 2app V eγ ∗=ɺ . Using the 
parameters for C = 0.055 g/g (see §2.3.4), the above formula yields V* ≅ 0.5 mm/s. For 
the parallel plate experiments shown in figure 2.1 (e = 2 mm), we estimate 
10.25 s*app  γ −≅ɺ , while for the cone and plate experiment shown in the inset (e = 1.05 mm) 
10.5 s*app  γ −=ɺ . These predictions are very close to the experimental values. 
The sliding yield stress yσ ′  is sensitive to the smooth surface chemistry. We can 
distinguish two behaviors. For non-wetting surfaces like scotch-tape, OTS, PMMA and 
gold (large contact angles in Table 2.1), fairly large sliding yield stress values (within the 
range 3.5 Pa to 6 Pa) are measured. For the silicon surface, which is wetting (small 
contact angle in Table 2.1), a lower sliding yield stress yσ ′  = 0.7 Pa is obtained. Note that 
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this value is slightly greater than the lowest stress that the rheometer can apply 
accurately.  
Figure 2.2: The influence of paste concentration on the shear stress versus 
the apparent shear rate in the slip regime for the gold surface. Data 
(symbols) for three microgel paste concentrations C = 0.055 g/g (□), 0.06 
g/g (ο) and 0.065 g/g (∆) ( yσ  = 33 Pa, 55 Pa and 118 Pa, respectively) 
have been plotted along with the corresponding bulk flow curves (solid 
lines). The arrows show the critical shear rates appγɺ  which mark the onset 
of the slip regime for the different paste concentrations (explained in 
§2.2.4 in the text). In the inset sliding yield stress yσ ′  measured for the 
gold (∆) and scotch-tape (●) surfaces is plotted against the paste modulus 
Go. Solid line in the inset shows that increase in the sliding yield stress 
with the paste shear modulus follows. 
Figure 2.2 shows the flow curves measured for microgel pastes at different 
concentrations using the gold surface in the parallel plate geometry. They have the same 
shape as described previously. While following the bulk respective flow curves for 
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σ  > σy , they all exhibit the hallmarks of slip below the yield stress. More quantitatively 
however, there are slight differences between these data.  
First, note that the onset of pure slip shifts to higher shear rates as the paste 
concentration is increased. This is because according to expression (2.3), V* and *appγɺ  
shift to greater values when the shear modulus increases. Between C = 0.055 g/g and C = 
0.065 g/g, Go increases by nearly a factor of 3 (Go = 660 Pa and 2200 Pa respectively); 
experimentally *appγɺ  increases from ≅ 0.25 s-1 to ≅ 0.75 s-1. The second important 
observation is that the sliding yield stress yσ ′  also increases significantly with the 
concentration. More quantitatively, the inset shows that yσ ′ increases with the paste shear 
modulus Go with an exponent of 0.68. 
In figures 2.3 and 2.4 we plot the slip velocities Vs calculated using the procedure 
described in subsection 2.2.3 as a function of the applied stress σ  for all the surfaces. The 
velocity data are presented in both linear (figure 2.3) and logarithmic coordinates (figure 
2.4) to help identify the important features that characterize each situation. All the 
attractive surfaces are shown collectively in plot (a) while the repulsive silicon surface is 
shown in plot (b). The slip velocity increases with stress for all the plates used. Close to 
the bulk yield stress, the calculated Vs values exhibit a large spread. This is because for 
applied stresses close to or greater than σy, the contribution of slip to the net flow 
becomes negligible so that the assumption that motion is only due to slip is no longer 
applicable.  
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Figure 2.3: Slip velocity as a function of the applied shear stress σ for 
different smooth surfaces. The symbols mark slip velocities calculated 
from the rheological observations (as described in subsection 2.2.3). Plot 
(a) shows the data for surfaces that show attractive behavior: scotch tape 
(●), OTS (▲), PMMA (▼), and gold (∆). The lines are best fits of the 
form ( ) ( )( )1 ns y y yV V σ σ σ σ∗ ′ ′= − −  to the slip velocity data [Meeker et 
al. (2004b)]. The values of the fitting parameters [ yσ ′ , n, V*] have been 
listed in Table 1. V* represents the value of the slip velocity for σ = σy. 
Note that the experiments with the gold surface, which were performed 
using a less stiff paste (660 Pa), yield a smaller V* value. Part (b) shows 
data for the silicon surface (●) and the solid line marks the initial 
( 20σ < Pa) linear variation between slip velocity and the applied shear 
stress. 
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Figure 2.4: The slip velocity versus applied shear stress plots for the 
various smooth surfaces. The logarithmic velocity scale allows a better 
presentation of slip velocities close to the sliding yield stress. As in figure 
2.3, part (a) shows wall-slip data for the attractive surfaces scotch tape 
(●), OTS (▲), PMMA (▼), and gold (∆)) and plot (b) for the repulsive 
silicon (◊) surface. The lines are best fits of the form 
( ) ( )( )1 ns y y yV V σ σ σ σ∗ ′ ′= − −  to the slip velocity data. Error bars 
marked on the first and last data points indicate the accuracy limits for the 
slip velocities.  
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First, we notice that the steady state slip velocity Vs measured at a given stress is 
sensitive to the surface. Second, the variation of Vs with σ  was found to depend on the 
nature of the surface. Two situations can be identified. For non-wetting surfaces e.g., 
scotch tape, PMMA, and OTS, the following form 
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−
 
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 
′
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n
y
s
y y
V V   (2.4) 
proposed by Meeker et al. (2004b) is used to fit the experimental data. 
The values of the fitting parameters n, V* and yσ ′  are reported in Table 2.1. The 
exponent n takes the values 0.5 (scotch tape) and 0.6 (PMMA and OTS) indicating that 
the dependence of the slip velocity on the applied stress is nearly quadratic. We find that 
V* is of the order of 0.5 mm/s just as discussed previously. yσ ′  used for fitting the 
experimental data lies in the range (1.25-5.5). These values are slightly smaller than the 
sliding yield stress obtained from the experiments. For the wetting silicon surface, yσ ′  is 
much lower than for the non-wetting surfaces and the slip velocity follows the quadratic 
dependence only at high stresses. At small stresses, the slip velocity increases linearly 
with stress i.e., sV σ∝  (solid line in figure 2.3b). The gold surface shows intermediate 
behavior. It behaves almost the same as scotch-tape except with a slightly lower yield 
point. Also note that the data-set for the gold surface exhibits a smaller V* value as 
compared to other surfaces. This is because the shear modulus of the paste used for these 
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experiments was smaller ( 660 PaoG = ) than that of the pastes used for the other surfaces 
( 780oG =  Pa).  
Overall, these experiments demonstrate that the specific chemical nature of the 
smooth surface determines the wall-slip behavior of microgel pastes at low stresses. 
Thus, the smooth surface chemistry can be manipulated to either promote or restrain slip. 
In the next section a theory to explain the experimental observations is presented.  
 
2.3 Theoretical Study 
2.3.1 THEORY OF ELASTOHYDRODYNAMIC SLIP WITH SHORT RANGE FORCES 
Our model is an extension of the elastohydrodynamic lubrication theory 
previously used by Meeker and co-workers (2004a, 2004b) to describe slip in microgel 
pastes and compressed emulsions. We are interested in the regime σ < σy, where the 
apparent motion of the microgel paste is entirely due to wall-slip. There is no shear flow 
within the bulk and the velocity profile is constant except for a sharp discontinuity very 
close to the wall.  
Microgel particles are modeled as elastic spheres of radius R, randomly packed 
into a disordered, jammed configuration. The particle volume fraction (φ = 0.8) is greater 
than that at close packing so that the spheres are compressed and deformed against their 
neighbors. During slip the disordered packing structure remains unchanged. This is 
because, the applied shear stress, being smaller that the yield value is insufficient to 
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generate any shear deformation in the bulk. Thus, only the layer of particles immediately 
next to the wall experiences the sliding motion at the wall. 
Consider one microgel particle at the boundary and slipping with velocity Vs (see 
figure 2.5). It is compressed against the wall due to the bulk osmotic pressure of the 
surrounding suspension. In the absence of any bulk rearrangement, the particle is locked 
in its position relative to its neighbors and the maximum overlap h0 between the particle 
and the wall must remain unchanged during slip. 
Also we assume that the presence of surrounding particles inhibits rotation so that 
the particle can move only by sliding at the wall. Thus, when the particle drags along the 
wall during slip, its motion is lubricated by the surrounding solvent. 
Figure 2.5: Schematic of a soft particle compressed against a smooth wall 
and sliding with velocity Vs (R is the particle radius, h0 is the initial 
compression, and r0 is the facet radius). 
h(x,y) 
a 
R 
Vs 
h0 
r0 
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The flow field induced in the solvent generates normal stresses that further 
deform the elastic sphere and maintain a solvent layer between the particle and the 
boundary. The lubricated film thickness is a function of the slip velocity and is typically 
less than 20 nm in the slip regime [Meeker et al (2004a, 2004b)]. At such proximities, the 
particle-wall interactions must begin to influence wall-slip. This can explain the strong 
role played by the chemical nature of the smooth surface in the slip regime. To test this 
hypothesis, an augmented version the elastohydrodynamic lubrication model is proposed 
where the influence of paste-wall interactions will be incorporated. Before the model is 
detailed in §2.3.3, the various possible interactions between the particle and the wall will 
be discussed. 
2.3.2 SHORT-RANGE INTERACTIONS BETWEEN PASTE AND WALL 
Figure 2.6 shows a schematic of the lubricated zone where the solvent layer (w) is 
sandwiched between the microgel particle (m) and the surface (s). Due to proximity of 
the m-w and the w-s interfaces, there can be present various short-range forces between 
the microgel and the wall. Here, several possible interactions have been considered: 
attractive van der Waals forces, steric hindrance, electrostatic contributions and 
hydrophobic/hydrophilic type forces. 
First, let us consider the London - van der Waals forces for the three component 
m-w-s system. Since the particle facet is almost flat and the thickness h of the lubricating 
solvent layer is small compared to the lateral dimensions of the lubricated zone it is 
reasonable to approximate the system as two semi-infinite mediums m and s parallel to 
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one another and separated by a third medium w of thickness h. The van der Waals 
pressure acting across the film is [Ruckenstein and Jain (1973), Israelachvili (1991)] 
Figure 2.6: Schematic depicting the proximity of microgel-water (m-w) 
and water-surface (w-s) interfaces. The microgel network has negative 
charges while the counter-ions are mobile in the surrounding solvent. The 
polymer end chains at the microgel surface have size a and are spaced at 
distance s apart.  
 
 ( ) 36
eff
vdW
A
p h
hpi
= − , (2.5) 
where   
 ( )( )eff mm ww ss wwA A A A A= − −  (2.6) 
is the effective Hamaker constant for the m-w-s system. Amm, Aww and Ass are the Hamaker 
constants for microgel, water and surface respectively. For water, Aww = 3.73x10-20 J. 
Though the microgel is composed of polymer ( 0.02pφ = ) and water ( 0.98pφ = ), we treat 
it as a uniform medium with an effective Hamaker constant Amm, which can be calculated 
Cross-linked microgel (m) 
Surface (s) 
h(x,y) s 
 
 Solvent (w) 
 36 
as a weighted average of the polymer and water Hamaker constants: 
2 2
mm w ww p ppA A Aφ φ= +  [Rasmusson et al. (2004)]. Using App = 6 x 10-20 J [Ishikawa et al. 
(2005)], the microgel Hamaker constant is Amm = 3.77 x 10-20 J. The Hamaker constant 
values for the various solid substrates studied in the experiments are listed in Table 2.1.  
Next, consider steric repulsion. The microgel particle is a cross-linked 
polyelectrolyte with loose polymer ends dangling at the particle periphery. The free end-
chains must be responsible for steric hindrance when the m-w and w-s interfaces come 
into close contact. If the free polymer chains have radii a and are uniformly distributed on 
the particle surface with density s-2 (i.e., at distances s apart), the repulsive pressure due 
to steric hindrance is roughly exponential and equal to [Israelachvili (1991)],  
 
( )
3
100( ) h aSt
kTp h e
s
pi−
= , (2.7) 
where k is the Boltzmann constant and T is the temperature. For microgel particles with 
NX = 28 monomers between cross-links, the polymer chain size a and the interchain 
spacing s can be estimated to be a ≅ 2 nm and s ≅ 4 nm. 
Polar interactions between the free polymer ends of the microgel particle and the 
solid surface across water will depend on the hydrophobic/hydrophilic nature of the 
surface. The net interaction pressure pAB between the microgel end-chains and the surface 
across water is given by [van Oss et al. (1987) and van Oss (2003)]:
.
  
 ( ) 022 expABAB
w
l a ha Gp h
s
pi
λ
 + −∆
=  
 
, (2.8) 
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where wλ  is the characteristic decay length of hydrophobic interactions in water and l0 is 
the separation at molecular contact. ABG∆  is the acid-base free energy of interaction per 
unit area at separation l0. ABG∆  is positive for particle-wall combinations that are 
hydrophilic and which tend to maintain a layer of solvent between the microgel and wall 
(repulsive situations). On the contrary, ABG∆  is negative for hydrophobic (i.e. attractive) 
systems. Computing the value of ABG∆  requires knowledge of three experimentally 
determined parameters, one for each of the three materials involved.  These parameters 
are available in the literature for the surfaces studied [van Oss (2003)]. For example, for 
silicon surface ABG∆  = 33 mJ/m
2
. Typical value of wλ  at 20 deg C is 1 nm [van Oss et al. 
(1987)] and l0 = 0.16 nm [Israelachvili (1991)].  
It cannot be ignored that the microgel particles are polyelectrolytes and contain 
fixed negative carboxyl groups and mobile (Na+) counter-ions (figure 2.6). There can also 
be present charges on the smooth surface e.g., silicon-silica surface is negatively charged 
in aqueous systems. Electrostatic interactions due to the fixed charges can be either 
attractive or repulsive. But they are dominated, especially at small separations, by a 
strong repulsion due to osmotic pressure of the mobile counter-ions. Overall, the 
electrostatic contribution to the paste-wall interaction can also be approximated with an 
exponential form ( ) ( )expe ep h c hκ= ± − , where κ is the inverse Debye length. There is no 
significant amount of salt present in the system and the Debye length is governed by the 
surface charge densities of the microgel and the plate. For microgel particles with surface 
charge densities 0.02 C/m2, the Debye length is κ−1 O∼ (5 nm). The magnitude of ce 
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depends on the charge density on the surface. For a silicon surface with charge density 
(due to hydrolyzed silica groups at the silicon-water interface) of 2x10-4 C/m2 [Behrens 
and Grier (2001)], 47 10ec = × Pa. 
For a very well controlled system, contributions of all the different short-range 
interactions can be determined accurately and considered in the study. For most real 
system either one or two of the above discussed forces might be important. There will 
always be present strong London-van der Waals adhesion, especially for separations less 
than a few nanometers. In addition, one or more of the specific repulsive forces might 
also be significant. Keeping this in mind, we express the net influence of the short-range 
interactions as a net disjoining pressure  
 ( ) ( )( )d vdW rp h p h p h= + , (2.9) 
which is the sum of the attractive van der Waals ( ) 36vdW effp h A hpi= −  and the repulsive 
( ) rh lr rp h c e−=  terms. The magnitude cr and range lr of the repulsive pressure depend on 
the system and the source of the repulsive contribution. 
2.3.3 MODIFIED ELASTOHYDRODYNAMIC MODEL 
The governing equations for elastohydrodynamics in the thin film coupled with 
the particle-wall forces are: 
 ( )3 6 s s hh p V
x
∂η ∂∇ ⋅ ∇ = − , (2.10) 
 
2 2
2o
x yh -h w
R
+
= + + , (2.11) 
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− + −
∫ ∫ , (2.12) 
where ηs  is the solvent viscosity. Both (x, y) and (ξ, θ) are Cartesian coordinates in the 
plane of the wall; the origin is located on the wall beneath the centre of the particle.  ∇ is 
the two dimensional gradient operator in the plane of the surface. h(x,y) is the gap height 
and p(x,y) is the hydrodynamic pressure in the gap. ( )21pG Epi ν= −  is the elastic 
modulus of the particle (E is the Young’s modulus and ν  the Poisson’s ratio of the 
particle). 
Together equations (2.10)-(2.12) comprise the modified elastohydrodynamic 
model. The first equation summarizes the flow of solvent through the lubricated gap of 
thickness h. The particle geometry or gap height h is defined by the second equation as a 
summation of the undeformed sphere shape (approximated as a parabola 
( )2 2 2oh x y R− + + ) and the elastic deformation w(x,y). The third equation [(Johnson 
(1985) and Davis et al. (1986)] computes the linear elastic deformation as a function of 
the  net force due to a summation of the hydrodynamic pressure field p beneath the 
particle, the adhesive dispersion pressure pvdW(h), and the repulsive pressure pr(h) 
[Matsuoka and Kato (1997), Abd-AlSameigh and Rahnejat (2001), Jang and Tichy 
(1995)]. All the three equations together dictate the behavior of the paste particle slipping 
at the wall. In the absence of any short-range forces i.e., when ( ) ( ) 0vdW rp h p h= = , the 
equations (2.10)-(2.12) reduce to the plain elastohydrodynamic lubrication model of 
Meeker and coworkers (2004a, 2004b). 
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It is convenient to non-dimensionalize the equations (2.10)-(2.12). The scaled 
variables are denoted by the corresponding capital letters. The gap height and particle 
deformation are scaled with the maximum initial deformation h0 as  
 
0h
hH =  and 
0h
wW = . 
The co-ordinates x and y in the plane of the wall are non-dimensionalized by ( )120 0r Rh=  
which is the radius of flattened region for a particle at rest [Johnson (1985)]. Thus, 
 
0
xX
r
= , and 
0
yY
r
= . 
The characteristic hydrodynamic pressure in the gap is chosen by balancing the pressure 
and the viscous terms in equation (2.10):  
 
1 2
3 2
0
6 s s
c
V RP
h
η
= . (2.13) 
The rescaled pressure is cP p P= . Upon non-dimensionalizing equations (2.10)-(2.12) 
we find, 
 ( )3 HH P X
∂
∂∇ ⋅ ∇ = − , (2.14) 
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where  
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G h G h G h
ηλ
pi
= = =  (2.17) 
are the non-dimensional groups accounting for material properties and slip conditions.  
2.3.4 ESTIMATING NON-DIMENSIONAL GROUPS 
To go further we need realistic estimates of the parameters λ, CvdW, and Cr. The 
non-dimensional group λ  is the ratio of the viscous to the elastic forces. Thus higher λ 
values indicate stronger flows or softer paste particles. λ involves the undeformed 
particle radius R, the particle modulus Gp, the solvent viscosity ,sη  the particle overlap h0 
and the slip velocity Vs. For the microgel paste used in the experiments (C = 0.055 g/g or 
packing fraction 0.8φ = ), the particle radius is R = 120 nm and the particle elastic 
modulus is Gp = 1.8x104 Pa [Seth et al. (2006)]. The solvent viscosity is sη = 9x10-4 Pa-s. 
The value of h0 can be estimated in two ways. For the case of a single particle that is 
pushed against the wall due to a net osmotic pressure from the bulk, h0 is decided by a 
balance between the bulk normal stress and particle elastic resistance. Thus 
( )2 30 o ph R G G≅  [Meeker et al. (2004a, 2004b)], where Go is the low frequency 
modulus of the paste. Since Go = 780 Pa for C = 0.055 g/g, we find ( )0 0.12h R ≅ . But 
because the paste microstructure is disordered, this approach must over-estimate the 
average particle-wall overlap. At the same time, h0 must be greater than average particle-
particle overlap in the bulk i.e., ( )( )1 3 1 0.06CR Rφ φ − =  [Seth et al. (2006)]. So the 
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average particle-wall overlap must lie between (0.06 R ) and (0.12 R ). Here we have used 
( )0 0.07h R =  or h0 = 9 nm. In the slip regime, λ values lie between O(10-5) and O(1) 
corresponding to slip velocities Vs = 10-5  to 1 mm/s.  
The other non-dimensional groups CvdW and Cr in equation (2.17) represent the 
strength of the attractive (van der Waals) and repulsive pressures relative to the elastic 
resistance of the particle. Thus, smaller CvdW and Cr values imply either weaker particle-
wall interactions or stiffer paste particles. For a typical surface, with a Hamaker constant 
205 10 JssA
−
= × , the effective Hamaker constant is 233 10 JeffA
−
= ×  [using equation (2.6)] 
and the van der Waals parameter is CvdW = 44 10−× . CvdW is larger for surfaces with 
stronger Hamaker constants e.g., for the gold surface, 2030 10 JssA
−
= × , 224 10 JeffA
−
= ×  
and 35 10vdWC
−
= × . CvdW  lies between O(10-5) and O(10-2) for most of surfaces studied.  
The repulsive term Cr depends on the nature of the repulsion force and the surface 
parameters. For example, the silicon-silica surface is hydrophilic which gives rise to a 
repulsive pressure given by equation (2.8). The non-dimensional group Cr for the Si-SiO2 
is then found to be Cr =5×1010 (using ABG∆ = 33 mJ/m2, 2a = nm, 4s = nm, 0 16 nml = ). 
2.4 Theoretical Predictions 
2.4.1 NUMERICAL SOLUTION OF ELASTOHYDRODYNAMIC EQUATIONS 
Equations (2.14)-(2.16) are solved simultaneously for non-dimensional pressure 
P, gap height H and particle deformation W. The ( ),X Y  domain is chosen sufficiently 
large so that the particle deformation is negligible beyond it and we can fix W = 0 and 
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( )2 21 0.5H X Y= − + +  at the domain boundary.  The solvent flow beyond this region 
must approach that for a rigid sphere moving parallel to a smooth wall which is known 
analytically [O’Neill and Stewartson (1967)] as 25P X H=  and is used here to set the 
hydrodynamic pressure at the boundary.  
To solve for P, H, and W, equations (2.14)-(2.16) were discretized over the 
domain using finite difference approximations and used the following iterative scheme. 
First, equation (2.14) is solved implicitly for P using a bi-conjugate gradient solver. The 
pressure is then used to obtain the deformation W and height H profiles from equations 
(2.16) and (2.15) respectively. The height is updated and reused in equation (2.14) to get 
an improved estimate for P, and the cycle is repeated until consistent pressure and height 
profiles are obtained. Under-relaxation is employed while updating the height and 
deformation to ensure smooth convergence to the solution. Solutions were obtained for 
different combinations of the particle-wall parameters CvdW, Cr and Lr. For each 
parameter set, P and H profiles were obtained for decreasing values of the flow parameter 
λ  i.e., for weaker flows, using the solution at higher λ as the initial guess. The drag 
experienced by the microgel particle during slip is calculated from the height and 
pressure profiles as 
 
16
2 12d S s
H H PF V R P X Y
X X H
η ∂ ∂ = − + + ∂ ∂ ∂ ∂ ∫∫
. 
Knowing the drag force, the macroscopic shear stress is d pF Aσ = , where 
2
p s sA Rpi φ=  
is the surface area per microgel particle at the boundary. sφ  is the fraction of the surface 
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covered. 0.8sφ ≅  for a disordered configuration of spheres [Dullens and Kegel (2004)]. 
We have assumed this value for all the stress calculations presented in this manuscript. 
The results obtained for different short-range forces are presented next.  
2.4.2 INFLUENCE OF VAN DER WAALS ATTRACTION 
Here the model predictions are presented for a microgel particle slipping under 
the influence of a van der Waals attraction force (no repulsion, Cr = 0) with varying 
strength i.e., different values of the van der Waals parameter CvdW. Figure 2.7 shows the 
non-dimensional height and pressure at 0.042λ =  for 55 10vdWC −= × . In part (a), the 
height contours (lines) are superimposed over the pressure contours (bands) around the 
particle centre. This and the profiles along the x-axis i.e., the slipping direction in plot (b), 
show that the particle facet is nearly flat except for a crescent shaped kink towards the 
lagging half of the particle. The solvent flow between the particle and the wall deforms 
the facet asymmetrically. The pressure undergoes an undulation beneath the deformed 
soft particle facet. Unlike the symmetric pressure profile expected for a rigid sphere, the 
positive pressure zone along the leading edge is larger and dominates over the sharp 
negative pressure peak around the crescent shaped minimum. This results in a net lift 
force that pushes the particle away from the wall, thus sustaining the lubrication flow. 
The extent of particle deformation depends on the balance between the 
hydrodynamic lift versus the elastic resistance of the particle and the osmotic pressure 
from the bulk.  A stronger flow (i.e., a higher λ value) would generate a larger lift force, 
cause more deformation and lead to larger gap heights. This is evident in figure 2.8a 
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where the minimum gap height is plotted against versus λ for fixed values of the van der 
Waals parameter CvdW between 75 10−×  and 31 10−× . A higher λ value is associated with a 
higher average gap height i.e. a larger Hmin. Note that for high λ values the gap height is 
independent of CvdW. But as λ decreases and flow becomes weaker, Hmin reduces and we 
begin to observe increasing CvdW influence. 
The gap height continues to decrease for smaller values of the flow parameter λ 
until a critical value of the non-dimensional parameter λs  is reached, beyond which Hmin 
is negative, indicating that the lowest point of the particle is in contact with the surface. 
Note that Hmin is the value of the minimum gap height and is not indicative of H over the 
entire facet and that the sudden reduction in Hmin just before contact represents only an 
elongation of the kink portion of the facet while the average gap height remains relatively 
unaffected. The sticking point λs is smaller for lower CvdW. The value of Hmin at λs 
follows the power law 0.65
,min s sH λ∼  and the critical flow parameter follows the scaling 
0.48
s vdWCλ ∼  (inset in figure 2.8a). 
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Figure 2.7: Typical non-dimensional height H and pressure P profiles in 
the lubricated gap ( 0.042λ =  and 55 10vdWC −= × ). Part (a) shows the H 
contour (lines) superimposed over the P contours (bands) beneath the facet 
for a particle slipping towards the positive x-axis. Plot (b) shows the H and 
P profiles along the slipping axis. The dotted line shows the undeformed 
particle shape.  
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Figure 2.8b shows the slip velocity ( )2 6s p oV G h aλ µ=  plotted against the shear 
stress σ  experienced by the particle. These predictions have been made using realistic 
values of the parameters for the microgel paste with concentration C = 0.055 g/g 
presented in subsection 2.3.4. Note that the Vs(σ ) curves for different CvdW  are very 
close and are almost indistinguishable except for the different termination points. This is 
because the van der Waals attraction affects only a small portion of the particle profile 
and does not contribute significantly to the shear stress experienced by the particle. 
Before the particle snaps into contact with the surface, the slip velocity scales as the 
square of the shear stress i.e., 2~sV σ . The non-dimensional stress at the sticking point 
increases with the van der Waals parameter as 0.28vdWC∼ (inset in figure 2.8b).   
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Figure 2.8: Predictions using the modified elastohydrodynamic model for 
wall-slip under the influence of van der Waals attraction between the 
particle and wall. Plot (a): minimum gap height Hmin as a function of the 
flow parameter λ for varying values of the van der Waals parameter CvdW. 
Dotted line marks the critical sticking points. Inset shows the variation of 
the critical flow parameter λs versus the attraction parameter CvdW. Plot 
(b): Slip velocity Vs versus shear stress σ  estimated (as explained in 
subsection 2.4.1) for the microgel paste used in the experiments (C = 
0.055 g/g, microgel particle radius 120 nmR = , particle elastic modulus 
Gp = 1.8x104 Pa, particle-wall overlap 0 9 nmh = , and solvent viscosity 
Sη = 9x10-4 Pa-s). The symbols mark the sticking point predicted for each 
CvdW. The inset in part (b) shows the increase in the critical stress σs 
(scaled with particle modulus Gp) as a function of the van der Waals 
attraction parameter CvdW. 
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2.4.3 INFLUENCE OF REPULSIVE FORCES 
Next, we study the influence of an additional repulsive pressure ( ( ) rh l
r r
p h c e−= ) 
on the lubrication flow between the particle and the wall. Figure 2.9 shows the H and P 
profiles for a typical case where both attractive and repulsive forces are present but 
repulsion dominates ( 37 10λ −= × , 45 10vdWC −= × , 153 10rC = ×  and 200rL = ). The height 
H contours (lines) superimposed over the pressure P contours (bands) around the particle-
centre are plotted in part (a) and part (b) shows the variation of H and P along the 
slipping direction (x-axis). Flow is weak relative to repulsive forces and the particle facet 
is nearly flat and the height profile is radially symmetric. The pressure in the leading and 
lagging portions of the particle is equal and opposite. The hydrodynamic lift is very small 
and the gap height is supported almost entirely by the repulsive disjoining pressure. 
Figure 2.10a shows the influence of repulsive forces on Hmin versus λ for constant 
CvdW = 5.3x10-4 and Cr = 3x1015 but varying repulsive length scale Lr. Just like the 
attractive case, wall-slip is dominated by elastohydrodynamics at large λ values and 
0.5
minH λ∼  (marked by the solid line). As the value of λ is lowered the evolution of the 
gap height depends strongly on the range of the repulsive forces. Hmin follows the pure 
attractive case until the repulsive force becomes important. Below this value of λ, the 
repulsive force is dominating which forces the gap height to remain constant and 
independent to further decrease in λ up to negligible flow conditions. The transition is 
sharper for shorter range repulsions i.e., smaller Lr values.  
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Figure 2.9: Typical non-dimensional height H and solvent pressure P 
profiles in the lubricated gap for the repulsive case 
( 37 10λ −= × , 45 10vdWC −= × , 153 10rC = ×  and 200rL = ). Part (a) shows 
the H contour (lines) superimposed over the P contours (bands) beneath 
the facet for a particle slipping towards the positive x-axis. Plot (b) shows 
the H and P profiles along the slipping axis. The dotted line represents the 
undeformed particle shape.  
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Figure 2.10: Predictions for wall-slip under the influence of strong 
particle-wall repulsion rh L
r r
p C e−=  (plus a constant van der Waals 
attraction, 45.34 10vdWC
−
= × ) obtained using the modified elasto-
hydrodynamic model. Plot (a) shows the minimum gap height Hmin as a 
function of the flow parameter λ for a constant magnitude 153 10
r
C = ×  but 
varying repulsive length scales Lr. The corresponding slip velocity Vs 
versus the shear stress σ  estimates for the microgel paste (concentration C 
= 0.055 g/g) used in the experiments is plotted in part (b). The velocity 
and stress were calculated as described in subsection 2.4.1 using microgel 
particle radius 120 nmR = , particle elastic modulus Gp = 1.8x104 Pa, 
particle-wall overlap 0 9 nmh = , and solvent viscosity sη = 9x10-4 Pa-s. 
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The slip velocity versus shear stress is shown in plot 2.10b. Note that for the 
repulsive case it is possible to obtain solutions for very weak flows, i.e. small λ values 
and the solution approaches the no-flow solution (at λ = 0).  
 
2.5 Discussion and Comparison with Experiments 
2.5.1 SCALING ANALYSIS OF THE ELASTOHYDRODYNAMIC EQUATIONS  
Before comparing the predictions obtained in the previous section to the 
experimental results, it is useful to develop scaling arguments from equation (2.14)-(2.16) 
in order to gain further insight about the main parameters that control wall slip. In our 
model, slip is governed by interplay of lubrication hydrodynamics, particle elasticity, and 
particle-wall interactions in the facetted portion of the particle. The lateral dimensions in 
the problem scale like the size of the facetted portion ( )120 0r Rh=  and so the non-
dimensional co-ordinates X and Y must be O(1). The non-dimensional gap height H in the 
lubricated zone is O(Hmin). If the non-dimensional pressure is O( lP ), we can estimate 
from equation (2.14) that ( )3 ~ ( )min l minO H P O H . The left hand side refers to the 
hydrodynamic pressure contribution and term on the right represents the viscous flow 
effect. This is consistent with the classical elastohydrodynamic lubrication concept that 
fluid flow and pressure are interdependent i.e. one causes the other. And hence for 
maintaining the high pressure lubrication flow, the pressure and viscous terms should 
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balance each other. Thus, we find 1 2~min lH P
−
 or 
2
~l minP H
−
 i.e., the elastohydrodynamic 
lift scales like the inverse square of the gap height.  
Next, the gap geometry given by equation (2.15) can be approximately written as 
21 0.5minH R W = − − +   or rearranged to get the particle deformation 
21 0.5 minW R H = − +  . The bracketed term refers to the undeformed parabolic profile 
that overlaps with the wall (see figure 2.5), which when non dimensionalized with h0 is 
O(1). Note that the gap height Hmin << 1. Thus, the deformation is approximately unity 
plus a small perturbation Hmin, 
 ~ (1) minW O H+ . (2.18) 
In equation (2.16) the deformation is calculated as a summation of the hydrodynamic 
pressure and the attractive van der Waals pressure contributions. 
Pure elastohydrodynamic slip limit: 
The situation where the hydrodynamic pressure is dominant has been studied by 
Meeker et al (2004b). The pressure due to relative particle-wall motion and the lift force 
so generated balances the bulk osmotic pressure, maintains the lubricated gap and in turn 
facilitates solvent flow of solvent. Hence for the lubrication layer to be sustained, the 
pressure and elastic forces should balance each other so that ~ 1lPλ . Knowing that 
1 2
~l minP H  we find: 1 2~minH λ . The predicted exponent is in close agreement with the 
power 0.6 obtained from the calculations (figure 2.8). The drag force on the particle 
scales like ( ) 2min 0s sV h rη , where ( )1 20 0r Rh= is the radius of the flattened particle facet. 
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Since the non-dimensional gap height scales like the square root of the flow parameter 
λ, we have: ( )1 2~ 6min s s ph V R Gη . The area per particle at the wall scales as R2. Finally 
we find that the stress is: 
 
1/2
0s p sG V h
R R
η
σ
   
   
  
∼ . (2.19) 
Knowing that ( )2 30 ~ o ph R G G this expression takes the form  
 
1/61/2
0 0s s
p
G V G
R G
η
σ
  
       
∼ . (2.20) 
Thus, the shear stress must increase as the slip velocity to a power of half. Note that the 
velocity characterizing the onset of total slip V*, in expression (2.3), is simply obtained 
by substituting σ  by the bulk yield stress σy in this expression. 
Attractive case: 
In the presence of attractive van der Waals forces, equation (2.16) indicates that 
the total deformation should scale as: ( )3~ ( )l vdW minW O P O C Hλ + . Combining this with 
equation (2.18) we get  
 3(1) ( ) ~ ( ) vdWmin l
min
CO O H O P O
H
λ  + +  
 
. (2.21) 
Again the term ( lPλ ) is the ratio of the hydrodynamic pressure to the elastic resistance. 
The term ( )3vdW minC H  represents the relative magnitude of the adhesive and elastic 
forces experienced by the particle.  
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The van der Waals force contribution is only influential for small gap heights i.e., 
around the crescent shaped minimum in height and decreases sharply with Hmin. Thus at 
large velocities, the pure elastohydrodynamic slip limit analyzed in the previous 
paragraph must hold and we expect: 1 2~minH λ  and 2~sV σ . This is in agreement with 
the results presented in figure 2.8. At lower shear stresses and slip velocities, close to the 
critical sticking point λs, the van der Waals forces begin to pull the portion around Hmin 
towards the wall which causes the sharp reduction in the minimum gap height Hmin just 
before sticking. Still, the elastic and viscous forces almost balance one another and the 
average gap height is determined by the lubrication flow. The van der Waals pressure 
term mainly contributes to the elongation of the kink of order O(Hmin). Thus 
( )3 ~vdW min minC H H  or the gap height just before sticking scales as 1 4~min vdWH C . Knowing 
that 1 2~minH λ , the critical flow parameter at sticking varies as:
1 2
~s vdWCλ  i.e., stronger 
the van der Waals attraction earlier the sticking. The predicted exponent is comparable to 
power 0.48 obtained from the calculations (inset in figure 2.8a). 
Using the expression for the flow parameter from equation  (2.17) in (2.19) we 
can write that the stress at the sticking point λs must be approximately 
( )2 2 1 20s p sG h Rσ λ∼ . Also we know that at the sticking point 1 2~s vdWCλ . Therefore, the 
shear stress at the sticking point must increase as 
 
2
1/40
s p vdW
hG C
R
σ
 
 
 
∼ . (2.22) 
 56 
This prediction is in agreement with the results of the detailed calculations shown 
in the inset in figure 2.8b. Now using substituting the expression for CvdW from equation 
(2.17) in equation (2.22) and knowing that ( )2 30 ~ o ph R G G we get: 
 
3 4 1 4
3 4
o eff
s
G A
R
σ ∼ . (2.23) 
The model thus predicts that the shear stress at which the particles first stick to the wall 
depends essentially on the shear modulus of the paste Go, the effective Hamaker constant 
Aeff, and the radius R of the particles. The predicted increase of sσ  on Go with an 
exponent of 0.75 is close to the experimentally observed dependence of sliding yield 
stress on paste shear modulus 0.68~y oGσ ′  (inset in figure 2.2).    
Repulsive case: 
In the case where repulsion dominates, interplay between the net particle-wall 
interaction pressure and the particle deformation resistance dominates the slip behavior. 
The residual gap height for very weak flows corresponds to an energy minimum at which 
the elastic resistance balances the net particle-wall interaction force. The transition point 
between the elastohydrodynamically dominated regime and the region where Hmin is 
constant is decided by the repulsive length scale Lr, the transition occurring at higher 
stresses for longer Lr. In the low stress regime where the gap height is constant, the slip 
velocity varies linearly with the stress (figures 2.9 and 2.10). Note that the repulsive 
system can slip with much lower velocities without sticking. At higher stresses the 
quadratic variation of the slip velocity with the stress is recovered. 
 57 
2.5.2 COMPARISON BETWEEN THEORY AND EXPERIMENTS  
From the experiments using shearing plates with varying surface chemistry, the 
surfaces can be classified as either attractive/neutral or repulsive, depending on whether 
they tend to suppress or promote wall-slip. These two situations are qualitatively 
reproduced by the numerical results presented in §2.4 and the scaling analysis. In the 
attractive case, the model predicts that the slip velocity – shear stress curve must exhibit a 
quadratic variation just as measured experimentally for various surfaces. The particles are 
expected to stick for a particular value of the shear stress which can be seen as a 
harbinger of the sliding yield stress. The sticking stress is a function of the effective 
Hamaker constant Aeff, the particle radius R, and the paste shear modulus Go. In the 
repulsive case, the model predicts that the variations of the velocity must exhibit a 
transition from a regime where it increases linearly with stress to an 
elastohydrodynamically dominated regime where it varies quadratically. This has been 
observed for the case of microgel pastes slipping on silicon. 
Let us now consider the theoretical predictions of wall-slip for two surfaces – 
PMMA (attractive/neutral case) and silicon (repulsive case), and compare them with the 
experiments. The theoretical computation was performed using the parameters listed in 
figure 2.11 and which to the best of our knowledge describe the microgel paste of 
concentration C = 0.055 g/g (see subsection 2.3.4). 
Consider the slip velocity Vs versus shear stress σ variation for the PMMA 
coating shown in figure 2.11a. The model predictions were made using only van der 
Waals attractions using a Hamaker constant 206 10ssA
−
= × J for the surface. For both 
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experiments (symbols) and theory (solid line) the slip velocity increased as the square of 
the shear stress. The model predicts a critical stress at which the particle snaps into 
contact with the surface beyond which the minimum gap height is negative and we 
cannot solve for lower stresses and velocities. This critical stress is reminiscent of the 
sliding yield stress yσ ′  observed in the experiments below which the paste apparently 
ceases to slip. However, note that the model predicts a sticking point at 26 Pa and 
overestimates the experimentally observed yσ ′  by a factor of 7 ( yσ ′ ≅ 3.5 Pa).  
We have considered the likelihood that our estimate of the microgel Hamaker 
constant Amm may not be sufficiently accurate. But we find that a microgel Hamaker 
constant 203.73002 10mmA
−
= × J (which is unreasonably close to that of water) and 
polymer weight fraction as low as 32 10−×  % would be required to get perfect agreement 
(the dotted line in figure 2.11a) with the experimental data, which is unrealistic. Thus 
imprecise knowledge of the microgel Hamaker constant is probably not a limitation as 
the slip behavior is not very sensitive to Amm. 
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Figure 2.11: Comparison between the slip velocities measured 
experimentally (symbols) with microgel paste (concentration 
0.055 g/gC = ) and those predicted by the elastohydrodynamic model 
(solid lines) for (a) PMMA coated surface, and (b) silicon-silica surface. 
The Hamaker constants used were 203.77 10mmA
−
= × J for the microgel and 
203.73 10wwA
−
= × J for water. For the PMMA coated surface 
206 10ssA
−
= × J. The dotted line in plot (a) shows that a better agreement 
occurs only for unreasonably low values of the microgel Hamaker 
constant ( 203.73002 10mmA −= × J and 266 10effA −= × J). The calculations 
for the silicon surface were performed for van der Waals attraction and an 
additional hydrophilic repulsion [given by equation (2.8)], between the 
microgel particle and the silicon-silica surface. Because of wide disparity 
in the Hamaker constant values reported in the literature [Sharma and 
Reiter (1996), Mougin and Haidara (2003)] for the silicon-silica surface, 
we performed the calculations using the smallest ( 205.2 10ssA −= × J ) and 
the largest ( 2020 10ssA −= × J ) reported values. The hydrophilic interaction 
energy 33ABG∆ = mJ/m2, polymer chain radius a = 1.5 nm and separation 
2s a= . The microgel paste parameters used were: microgel particle radius 
120 nmR = , particle elastic modulus Gp = 1.8x104 Pa, particle-wall 
overlap 0 9 nmh = , and solvent viscosity 
49 10  Pa-ssη −= × . 
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The other parameters controlling the value of the sticking yield stress are the 
particle radius and the shear modulus of the paste. Their values are known with a 
reasonable good accuracy so that it is quite unlikely that they are at the origin of the 
apparent limitation of our predictions.In fact, the discrepancy between the sticking point 
predicted by the model and the sliding yield stress observed experimentally may simply 
be a consequence of the way it is implemented. Indeed we cannot solve the equations 
beyond the point of first contact between the particle and the wall: when the gap is very 
thin, the polymer chains will rub against the surface and the resulting friction will 
contribute to the shear stress the microgel can still slip via a combination of lubrication 
and microgel-wall contact dynamics. A similar mechanism has been proposed to describe 
the sliding properties of macroscopic gels [Gong and Osada (1998), Kurokawa et al. 
(2005)].  
The plot in figure 2.11b shows the comparison between theory and experiments 
for the silicon-silica surface. While the effective Hamaker constant of the silicon-silica 
surface is difficult to determine, most of the experimentally observed values reported in 
the literature [Mougin and Haidara (2003), Sharma and Reiter (1996)] range between 
20 205 10 J  to  20 10 JssA
− −
= × × . The exact value for the surfaces used in our experiments 
must lie within these limits. When only van der Waals attraction between the microgel 
and the wall is considered (from results shown in the inset of plot 2.8b) the model 
predicts that the microgel particle will stick to the wall at 30 Pa and 54 Pa for the two 
surface Hamaker constant values, with a quadratic dependence between the slip velocity 
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and the shear stress. However this is not in agreement with the experimental 
observations.  
Since the silicon-silica surface is hydrophilic, we incorporated a hydrophilic 
repulsion pressure [using equation (2.8) and as described in §2.3.2] in addition to the van 
der Waals attraction. With realistic estimates of the repulsive interactions between the 
microgel and the silicon-silica surface, the model predictions with the lower (solid line in 
plot 2.11b) and upper (dashed line in the plot) limits of the surface Hamaker constants are 
compared with the slip velocity versus shear stress data obtained from rheological 
measurements. The combination of attractive van der Waals and hydrophilic repulsion 
captures the experimentally observed slip behavior. The transition between the linear and 
quadratic variation of Vs is predicted reasonably well. Note that no fitting parameters 
have been used for these estimations. The limitation of this repulsion dominated model 
however is that there is no sliding yield stress predicted for the repulsive case. Instead of 
sticking to the wall at very small stresses, the particle can continue to slip with very small 
velocities.  
Of the other surfaces that were studied in the experiments, the predictions for the 
OTS surface are almost the same as that of the PMMA coating. This is as expected 
because the slipping microgel particles are exposed to a thick polymer layer in both the 
cases. And since the van der Waals parameters for the PMMA and OTS polymer chains 
are not very different, the theoretical predictions and the experimental observations for 
the two are very close indeed. This agreement also suggests that for both the PMMA 
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coating and the OTS surface, there are not present any specific short-range interactions in 
addition to the attraction due to dispersive interactions.  
For the scotch surface on the other hand, the net Hamaker constant is slightly 
smaller than that of the PMMA coating (see Table 2.1). But contrary to the theoretical 
predictions it exhibits a higher yield stress. The gold surface shows the opposite effect. 
Since gold has a very high Hamaker constant, one would expect that wall-slip will be 
strongly suppressed; instead the microgel paste tends to slip more on the gold surface and 
exhibits a yield stress comparable to that of the PMMA coating. This, in fact, can be a 
result of the high Hamaker constant of metallic gold. Though the surfaces are cleaned 
carefully before use, the strongly attractive nature of the surface can cause atmospheric 
impurities to deposit on the surface. Even during the course of the experiment, the 
boundary microgel particles can de-swell and stick to the gold surface and lead to a 
smaller effective Hamaker constant. This could explain why the gold surface evolves 
with repeated use. Overall, the disagreements between the experimental data and the 
theoretical predictions definitely indicate that wall-slip is extremely sensitive to the 
surface chemistry and very precise control of the surface-microgel interactions can 
guarantee desired wall-slip behavior.  
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2.6 Conclusions 
In summary, the experimental results presented here show that wall-slip in 
microgel pastes is controlled by the surface chemistry at the smooth boundary. At high 
shear rates wall-slip is controlled by the non-contact elastohydrodynamic forces but 
particle-wall interactions begin to greatly influence the slip behavior at low applied 
stresses. Depending on whether the paste-wall interactions are attractive/neutral or 
repulsive, two wall-slip behaviors have been recognized. In attractive systems, wall-slip 
is suppressed and the sliding yield stresses are comparable to the bulk yield value. 
Repulsive systems exhibit higher slip velocities and very low sliding yield stress. 
Dependence of slip velocity on the applied stress is different in the two cases; while in 
the attractive case the slip velocity always increases with the square of the stress, in the 
repulsive case, the velocity is proportional to the applied stress at low slip conditions. 
The modified elastohydrodynamic model captures the sensitivity of wall-slip to 
even slight changes in the surface properties. Various wall-slip behaviors observed in the 
experiments can be understood perfectly by incorporating the particle-wall interactions 
into the model. The predictions of the theory are fairly accurate given the uncertainties 
regarding the exact nature of the surface and its interaction with the microgel particles. 
The numerical agreement between the experiments and theory for the non-wetting 
surfaces needs improvement. The polymer-wall friction might also be the source of the 
small residual yield-stress observed in the experiments for the silicon-silica surface, 
which cannot be understood solely through the lubrication model presented here. But the 
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quantification of friction and its incorporation into the model in this system is fairly 
involved and beyond the scope of this study.  
Overall, we are able to rationalize wall slip in soft pastes as a consequence of the 
interplay of osmotic pressure and the various particle wall specific interactions across the 
thin elastohydrodynamically generated layer. The study opens up pathways for 
manipulating flow in soft concentrated suspensions by making slight changes to the 
surface-chemistry.   
 
 
 
 
 65 
 
CHAPTER 3 
 
TRIBOLOGY OF SOFT COLLOIDAL GLASSES  
NEAR SMOOTH SURFACES 
 
 
3.1 Introduction 
The dynamics of soft colloidal dispersions, such as colloidal pastes, concentrated 
emulsions, and semi-dilute star polymer solutions, exhibit strong similarities with those 
of supercooled molecular and polymer glasses. Classical glasses form metastable solids at 
low temperature and become liquid-like when heated above their glass transition 
temperature. Soft colloidal glasses are weakly elastic solids at rest or at a small applied 
stress, but they yield and exhibit interesting non-linear flow behaviour when a 
mechanical stress exceeding the so-called yield stress is applied. The jammed, amorphous 
structure of colloidal glasses lies at the origin of this behaviour and their similarity with 
classical glasses. Steric constraints prevent individual particles from moving over large 
distances by thermally activated jumps (“cage effect”). Upon shearing the cages distort 
and eventually break, speeding up the structural relaxation and inducing long-range 
rearrangements. In recent years this analogy has proved to be extremely fruitful for 
understanding and rationalizing yielding and flow [Sollich et al. (1997),Fuchs and Cates 
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(2002)], aging and slow dynamics [Fielding et al. (2000), Cloitre et al. (2000), Derec et 
al. (2003) ] in soft glasses. 
Relative to bulk systems, the dynamics of molecular glasses is significantly 
altered near surfaces [Priestley et al. (2005)]. A challenging question in this context is 
whether the yielding and flow behaviour of soft glasses is similarly affected by the 
shearing surfaces. Apart from its fundamental interest, this problem is central to the 
rheological characterization, transport, and processing of concentrated dispersions. The 
flow of soft glasses near surfaces is often heterogeneous and a rich phenomenology has 
been reported - slip generally occurs at the confining walls [Meeker et al. (2004a, 
2004b), Seth et al. (2008)]; the shear deformation may be localized in one or several 
fluidized regions adjacent to the shearing surfaces, which coexist with an unsheared plug 
flow or a slowly sheared region. Localization effects have been found in emulsions 
[Coussot et al. (2003)], colloidal crystals [Cohen et al. (2006)], hard sphere glasses [Isa et 
al. (2006), Besseling et al. (2007)], star polymer solutions [Rogers et al. (2008)], and 
Lennard-Jones glasses [Varnik et al. (2003)]. These results contradict the linear flow 
profiles measured for microgel pastes and compressed emulsions using video microscopy 
[Meeker et al. (2004a, 2004b)]. Finally, it has been found that the pressure-driven flow of 
a concentrated emulsion in narrow microchannels is strongly influenced by the physical 
roughness of the shearing surfaces [Goyon et al. (2008)]. These various observations 
suggest that soft colloidal glasses may have a specific surface tribology distinct from bulk 
rheology and raises a number of interesting questions: How are the surface phenomena 
coupled to bulk rheology? How do properties of the shearing surface influence the 
 67 
selection of one particular scenario? Is there any underlying universality or does every 
glass exhibit a different behavior? This chapter addresses the above questions using data 
obtained by imaging the flow of soft colloidal glasses under shear.  
Using fluorescence microscopy and Particle Tracking Velocimetry techniques we 
have measured flow profiles for dense colloidal glasses. Visualization of SPPs yielding 
near smooth surfaces suggests correlation between nature of the shearing surface and 
choice of the bulk flow mechanism. Uniform or shear-banded flow profiles were 
observed depending on the physical roughness and the surface chemistry of the shearing 
boundaries. Experimental data is presented for concentrated microgel pastes and 
compressed emulsions sheared between parallel plates and imaged using fluorescence 
microscopy and particle tracking velocimetry.  
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3.2 Experimental Methods 
3.2.1 SPP SAMPLES  
We have measured flow profiles for three dense colloidal glass samples − 
compressed emulsions of silicone oil in water-glycerol, and swollen microgel pastes in 
water and water-glycerol. The packing fraction of the disperse phase is greater than the 
close packing fraction (~0.64). The emulsions were prepared as per the procedure 
described in Mason and Bibette (1997), were monodisperse (droplet radius 2 µma = ), 
concentrated (packing fraction φ = 0.67) and transparent. The microgel pastes are 
suspensions of swollen microgel particles (undeformed hydrodynamic radius 
200 nma = ) consisting of a negative charge bearing acrylate network (1% cross-link 
density; number of monomers between cross-links NX = 140) that are swollen with the 
solvent. Solvent is either water or water-glycerol. More specific details about the samples 
are given in Table 3.1.  
Table 3.1: Properties of microgel pastes and compressed emulsions used in this study 
Sample Particle 
Radius 
a (nm) 
Solvent 
viscosity  
η
 
(Pa-s) 
Yield 
Stress  
σy (Pa) 
Paste 
Modulus2 
 Go (Pa) 
Microgel in water 220 ± 5 9x10-4 9.5 190 
Microgel in water-glycerol 220 ± 5 5.4x10-3 5 100 
Silicone oil in water-glycerol 
emulsion 2000 ± 50 7.9x10
-3
 6 120 
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3.2.2 EXPERIMENTAL SETUP AND TECHNIQUE 
Figure 3.1: Experimental setup consisting of a Linkam shear cell mounted 
on a fluorescence microscope.  
The visualization set-up is shown in figure 3.1. A Linkam stage (CSS450) with a 
fixed upper observation window (stator) and a bottom rotor (equivalent to a parallel-plate 
configuration) is used for shearing the samples. The quartz rotor plate is maintained 
rough by sticking water-proof sandpaper (roughness ~ 30 µm) to eliminate slip. The 
stator is a custom-made stainless steel part with a 5 mm hole for observation (at radius R 
= 7.5 mm). Smooth glass cover slips (diameter = 25 mm and thickness 0.15 mm≅ ) are 
carefully stuck to the stator using a UV polymer adhesive. The glass cover slips are pre-
treated to achieve desired surface properties. The different smooth surfaces studied are: 
untreated glass cover-slip (glass); smooth hydrophobic polymeric surface prepared by 
Roughened 
Quartz Plate 
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sticking scotch tape on the cover-slip (scotch); cationic surface prepared by treating the 
glass cover-slips to covalently bond ammonium ions at the surface (cationic); and a 
sticky scotch surface prepared by consecutively sticking two scotch tape layers on the 
glass plate and then peeling off the to layer to leave a thin layer of polymeric adhesive on 
the surface. Each surface was carefully cleaned before use and the results were 
reproducible for all surfaces but the sticky scotch. The gap height could be fixed between 
100 to 2500 µm. The experiments reported here were performed at a fixed gap height e = 
750 µm which much larger than the particle/droplet size and the material is not confined 
in the gradient-direction. The rotor speed could be varied from 0.001 to 10 rad/sec (using 
the Linkam software).  
For imaging the samples being sheared, the Linkam stage was re-fitted to replace 
the original x-y stage on a Zeiss epifluorescent microscope [50X objective 
( )NA 0.6,  working distance 0.3 mm= = , 1.4 µm field depth, and x-y resolution > 0.5 
µm]. Light from an HBO lamp passed through an optical filter centered at 500 nm and a 
beam splitter which reflected wavelengths smaller than 515 nm and illuminated the 
sample that was seeded with 0.01 wt.% of fluorescent tracers (fluorescent sulfate 
microsphere, 1 µm diameter, λex: 505 nm, λem: 525 nm). Fluorescent light emitted from 
the sample passed through the beam splitter and through a band pass filter (centered at 
530 nm). A Pulnix TM6301 CCD (640x480 sq. pixels) camera, connected to a computer 
through a Matrox meteor II card, was used to capture the images at a maximum rate of up 
to 200 images/s. 
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Figure 3.2: Sample two-dimensional and surface view of raw image (a) 
and filtered image (b) of fluorescent tracer particles. 
Images obtained were later processed and analyzed to obtain tracer particle 
trajectories. Image processing involves three steps: elimination of background noise 
(using a Gaussian filter), elimination of low intensity out-of-plane particle images (by 
specifying a minimum image size and intensity), and particle center determination. 
Figure 3.2 shows images of particles before and after applying the Gaussian filter. The 
particle positions in subsequent images were then connected to build particle trajectories 
and compute velocities. The algorithms for image processing were written using IDL and 
were referenced from Eric Week’s website3.  
3.2.2 MEASUREMENT PROTOCOL 
The measurement plane (position of the focal plane) inside the shear cell is fixed 
by moving the shear cell relative to the objective. The entire sample depth is scanned and 
flow velocities at distance z from the smooth stationary plate are obtained. Here the 
measured optical depth zm must be corrected by the refractive index of the sample to 
                                                 
3
 http://www.physics.emory.edu/~weeks/idl/  
(a) (b) 
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obtain the true measurement position z = zm / n. We measured the steady-state velocity 
profile at different applied rotation rates. In addition to flow visualization, the 
corresponding macroscopic rheology data was obtained by shearing the samples in 
equivalent parallel plate geometries using a Thermo Rheo 300 stress-controlled 
Rheometer. The steady state flow curves for the applied shear stress σ versus the 
apparent shear rate appγɺ  were obtained for every paste and smooth plate combination 
studied using visualization. Before applying the desired rotation speed or shear stress, the 
sample was pre-sheared at a high rate (corresponding to a shear stress σ  greater than the 
yield stress yσ  of the sample). Due to the out-of-equilibrium nature of these dense 
materials, this protocol ensures that observed behavior is independent of sample loading 
and measurement history.  
 
3.3 Experimental Results  
With the samples and surfaces described in the previous section, experiments 
were performed using seven sets of smooth surface and SPP samples (listed in Table 3.2). 
In this section, the results for the different paste-wall combinations obtained from the 
macroscopic rheology measurements are presented followed by the particle velocimetry 
data for the flow profiles and the slip velocity at the smooth wall.   
3.3.1 RHEOLOGY MEASUREMENTS 
As was described and studied in the previous chapter on wall-slip, the apparent 
flow curves obtained using smooth surfaces are influenced by the surface chemistry 
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between the smooth wall and the paste sample. Depending on whether the interactions are 
attractive or repulsive the material tends to either stick to or slips at the smooth wall. 
From the different paste-smooth wall combinations studied (the list in Table 3.2) three 
cases can be distinguished: attractive [A], partially adhering [PA], and repulsive [R] 
paste-wall interactions. Figure 3.3 shows a sample flow curve for each case.  
Figure 3.3: Shear stress versus apparent shear rate flow curves (filled 
symbols) obtained for: (a) repulsive, (b) partially adhering, and (c) 
attractive cases. The solid lines mark the bulk flow curve obtained using 
rough-rough plates.  
As expected, the flow curves in the slip regime are very sensitive to the paste-wall 
interactions. Stronger attraction between the sample and smooth surface leads to smaller 
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slip velocities, higher sliding yield stress ( )yσ ′ *, and the smooth flow curve deviates from 
the bulk flow curve at lower shear rates. The results from the rheology measurements for 
all the cases have been listed in Table 3.2. 
Table 3.2: Summary of results obtained from different sample-smooth surface 
combinations studied 
Sample Surface Type1 Flow Profile ′y yσ σ  
2
 
Vy /Vc  3 
emulsion glass R linear 5.8 x10-3 0.13 
microgel (w-g) scotch R linear 0.12 0.26 
emulsion scotch PA Shear-banded 0.2 9.9 x10-2 
microgel (w) scotch PA Shear-banded 0.29 0.12 
microgel (w-g) glass A Shear-banded 0.16 8.7 x10-3 
microgel (w) cationic A Shear-banded 0.88 8.9x10-3 
microgel (w) Sticky scotch A Shear-banded - − 
1
 R = repulsive, PA = partially adhering, and A = attractive. 
2
 Ratio of the sliding yield stress yσ ′ to the bulk yield stress yσ . 
3
 Ratio of the slip velocity at the bulk yield point to the characteristic slip velocity 
predicted by elastohydrodynamics lubrication [Meeker et al. (2004a)]. 
 
                                                 
*
 The sliding yield stress ( )yσ ′  is the smallest shear stress in the total slip regime at which steady state 
could be reached. 
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3.3.2 FLOW PROFILES 
Figures 3.4 to 3.7 show flow velocity measured as a function of the distance from 
the smooth plate at varying applied rotor speeds ω and for different sample and smooth 
surface combinations. Clearly, the nature of particle-wall interaction influences the flow 
mechanism.  
Figure 3.4: Flow velocity V as a function of distance from the stationary 
plate h measured for microgel (w) pastes sheared between rough plates for 
two applied rotation speeds. Straight lines are the expected velocities for a 
zero-slip and linear flow profile.   
While flow with rough-rough plates was always uniform with zero wall-slip 
(figure 3.4), flow profiles measured for samples sheared with rough (rotating at ω) and 
smooth (stationary) plates are dependent on whether the paste-wall interactions are 
repulsive (figure 3.5), partially adhering (figure 3.6), or attractive (figure 3.7). We find 
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that surface chemistry at the smooth boundary influences not only the slip velocity but 
also determines the bulk flow profiles.  
Figure 3.5: Steady state velocity profiles measured for repulsive [R] cases. 
V is the tracer velocity measured in the x-y plane at a distance z = h from 
the smooth stationary surface. The symbols (left to right) mark different 
applied rotation velocities. Solid lines are linear fits to the observed 
velocity profiles. 
For the repulsive and partially adhering cases we observe total slip at low applied 
rotation rates i.e., plug flow with zero velocity gradients in the bulk. This matches earlier 
observations of total slip at low applied stress [Meeker et al. (2003b)]. At higher applied 
speeds the sample begins to yield and flow with a combination of wall-slip and shear 
flow. The transition between total slip and flow occurs at the yield point yσ σ= of the 
sample and agrees with the data obtained from macroscopic rheology experiments.  
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Figure 3.6: Same as figure 3.5 plotted for partially-adhering [PA] paste-
wall interactions. Solid lines are quadratic fits to the observed velocity 
profiles. 
Since the sliding yield stress is very close to the bulk yield stress for attractive 
cases (as shown in figure 3.7), we never probe the total slip regime and flow is always a 
combination of bulk flow and slip.  
For stresses above the bulk yield stress, when the flow profile is a combination of 
wall-slip and shear flow, the mechanism is dependent on the surface chemistry at the 
boundary. For repulsive paste-wall interactions in figure 3.5 − emulsions on glass and 
index-matched microgel pastes on smooth scotch tape (hereafter referred to as scotch), 
there is slip at the wall and a uniform shear flow in the bulk. In the cases where the paste 
particles tend to adhere to the smooth wall − microgel in water on scotch and emulsions 
on scotch (in figure 3.6), wall-slip is accompanied by a weakly non-linear shear flow; the 
velocity gradient is greater near the smooth surface than in the bulk. Then non-uniformity 
of the bulk-flow profile is pronounced for strongly attractive systems shown in figure 3.7 
− pastes of microgel in water and glycerol on glass and microgel in water on cationic 
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brush. Repulsive interactions allow a uniform shear flow and strong attractive 
interactions induce non-linear flow profiles.  
Figure 3.7: Steady state velocity profiles measured for three attractive [A] 
cases. V is the tracer velocity measured in the x-y plane at a distance z = h 
from the smooth stationary surface. The symbols (left to right) mark 
different applied rotation velocities. Solid lines in plots (a) and (b) are 
linear fits to the observed velocity profiles. 
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3.3.3 SLIP VELOCITY AT THE SMOOTH WALL 
Figure 3.8: Slip velocity Vs measured at the smooth boundary versus the 
applied rotation velocity ω. Different paste {emulsion (E), microgel in 
water [M(w)] and microgel in water-glycerol [M(w-g)]} and smooth wall 
[smooth scotch (S), glass (G), and cationic brush (C)] combinations are 
shown. The dashed line (slope = 1) denotes the total slip regime observed 
up to the yield point (marked by dotted arrows), after which Vs increases 
less rapidly as shown by the solid lines (slope 0.25≅ ). The data for 
different systems beyond yielding can be collapsed on a single curve (as 
shown in the inset) by plotting ( )s y yV V V−  versus ( )y yω ω ω− , where 
Vy is the slip velocity and ωy is the rotation rate at the yield point.  
The variation of slip velocity Vs with applied rotation rate is shown in figure 
3.8. Αt low ω in the plug flow regime, Vs = ω R, and it increases linearly with ω (dashed 
line). At a higher rotation rates Vs increases less rapidly and the point of deviation (ωy, 
Vy) from the total slip regime line marks yielding. The transition point is dependent on 
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the nature of the paste-wall interactions, and is observed at smaller (ωy, Vy) for more 
attractive systems. Above the yield stress of the bulk paste, the dependence of Vs on ω 
appears independent of the system and all the data sets can be collapsed as shown in the 
inset. Extra slip velocity beyond yielding (Vs -Vy) increases with the additional rotation 
rate raised to a power of half. More information about slip after yielding is obtained by 
connecting these observations with the macroscopic rheology data.  
Shear stresses at the observation radius R corresponding to the applied speed are 
obtained by comparison with bulk flow curve. The dependence of slip velocity on shear 
stress is markedly different in the total slip and flow regimes [as shown in figure 3.9(a)] 
and the transition occurs at the bulk yield stress yσ . The behavior observed for yσ σ<  is 
in agreement with our study of wall-slip under the influence of paste-wall interactions 
described in Chapter 2.  
For yσ σ> , Vs increases linearly with σ  irrespective of whether the surface 
chemistry at the smooth wall is attractive or repulsive and whether bulk flow is uniform 
or non-linear. From the plot in figure 3.9b we find that / /s y yV V σ σ≅ . Since 
sR V eω γ= + ɺ , where γɺ  is the shear rate in the bulk and is related to the shear stress via 
the Herschel-Bulkley-like equation 0.5y Kσ σ γ= + ɺ  [Meeker et al. (2004a)], it can be 
shown that ( ) ( ) 0.5/ 1 / 1s y yV V ω ω   − −   ≃  as observed in the inset of figure 3.8 (see 
appendix 3.A for further details).  
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Figure 3.9: (a) Slip velocity Vs versus shear stress σ observed for 
emulsions sheared at glass (repulsive) and scotch tape coated (partially 
adhering) wall. The filled symbols represent data obtained from 
microscopic visualization while the open symbols are from macroscopic 
rheology measurements. Below the yield stress yσ  (marked by dashed 
arrow) slip velocity depends on the surface chemistry at the smooth 
boundary. Beyond yσ , slip velocity increases linearly with the applied 
stress (dashed lines in the plot). (b) Slip velocity and shear stress data for 
yσ σ>  collapse (solid line in the inset, slope = 1) when scaled with the 
respective values at the yield point. (c) Relationship between slip velocity 
at yielding scaled with the characteristic velocity Vc and ratio of the 
sliding yield stress to the bulk yield stress /y yσ σ′ . The shear-banding and 
uniform flow regimes are marked. 
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3.3.4 EVIDENCE OF SHEAR BANDING NEAR ATTRACTIVE SURFACES 
From the observations in figures 3.8 and 3.9, it is clear that the short-ranged 
particle-wall interactions influence the slip velocity only before yielding; the interactions 
are insignificant for the additional slip above the yield stress as shown in the inset in 
figure 3.8. In contrast the flow mechanism in the bulk is found to be system specific. 
From figures 3.6 and 3.7 we know that an attractive system can induce a non-linear 
profile that influences the flow pattern up to 100 µm from the smooth boundary. To 
investigate this we have calculated the shear rates at the rough and smooth boundaries. In 
figure 3.10 the data from visualization is plotted along the no-slip, bulk flow curve 
obtained using rough-rough plates (solid line in figure).  
For the repulsive case (figure 3.10a), there is no shear-banding and velocity 
gradient obtained from visualization is equal to that observed from bulk rheology. Thus, 
the repulsive surface does not interfere with the flow mechanism. For attractive surfaces 
on the other hand, shear rates at the smooth boundary are greater than those at the rough 
end [figure 3.10(b-d)]. Greater the disparity between the shear rates at the two surfaces 
more pronounced is the shear-banding. Shear rates at the rough wall lie on the bulk 
rheology curve (with no slip). For smooth walls flow is a combination of wall-slip and 
shear flow. With repulsive surfaces the flow profile is smooth and the stress-strain rate 
computed from experimental velocity profiles lie on the bulk flow curve. With attractive 
surfaces, there is a secondary stress-strain rate curve stress for yielding and flow near 
smooth walls, and there can be two shear rates for a single stress. This indicates the 
presence of shear-banding for flows sheared between rough and attractive smooth walls.  
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Figure 3.10: Comparison between bulk rheology curve (solid line) and 
flow curve data obtained from microscopy. Normalized shear stress (σ/σy) 
is plotted versus the shear rate γɺ  scaled with ( )oG η . Filled and open 
circles mark the shear rates at the rough and smooth boundaries 
respectively. In the repulsive [R] case [shown in plot (a)] there is no shear-
banding and the sample flows with the bulk shear rate. For the attractive 
[A] and partially adhering [PA] cases [plots (b)-(d)] the shear rate 
measured near the rough boundary is equal to that expected from the bulk 
flow curve, but that at the smooth plate is greater.  
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3.3 Discussion and Concluding Remarks  
Now let us investigate why we observe shear banding only near smooth adhering 
surfaces. We know that the relationship between shear stress and strain rate in these 
systems must depend on the local microstructure (i.e., the relaxation mechanism and the 
time scale) [Varnik et al. (2003)]. As shown in figure 3.10 in a shear banded flow the 
high and low shear zones are governed by distinct flow curves, which in turn must 
require different flow mechanisms and/or suspension microstructures. If it is the 
microstructure of the colloidal glass that is different for the two shear zones, then the 
higher shear rate region must have a more ordered microstructure that can allow easy 
flow of paste particles over one another. This idea is not surprising as we know that 
glassy colloids are more ordered near physically smooth boundaries [Cohen et al. 
(2004)]. However, excluded volume effects near the wall are clearly not sufficient since 
the micro-structural reordering occurs only in attractive and not in repulsive cases. Also, 
the microstructural effects of ordering near a wall typically do not propagate more than a 
few particle diameters, and yet here the shear bands are several microns or hundreds of 
particle diameters thick. It can be conjectured that perhaps the flow mechanism near a 
smooth attractive surface differs from that near a repulsive surface. However we do not 
have further conclusive evidence to suggest how and why smooth attractive surfaces (and 
not smooth repulsive surfaces) influence the bulk flow curve.  
But we do have a correlation between the magnitude of the slip velocity and the 
presence/absence of shear banding for smooth surfaces. Slip velocities Vs are much 
smaller at adhering than at repulsive surfaces and as a result the slip velocity at yielding 
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Vy is smaller for attractive surfaces. This is in agreement with the fact that Vy must scale 
like ( )( )2/32 */ /c y o s oV G a G Eγ η=  [Meeker et al. (2004b)], where a is the particle radius, 
Go is the paste modulus, E* is the particle modulus and γy is the yield strain. Since its 
magnitude depends on the chemical nature of the paste-wall boundary (see figure 3.8), it 
must be related to the sliding yield stress for the system, which is an easy-to-obtain 
measure of surface-paste interactions. We find that this relationship is best described by 
the empirical fit shown in figure 3.9c. Shear banding will be observed for systems where 
/ 0.8y yσ σ′ <  and uniform flow for greater values. It must be noted this plot only relates 
the slip velocity and sliding yield stress near smooth surfaces. Sufficiently rough surfaces 
do not exhibit either of wall-slip, sliding yield stress, or shear banding.  
To conclude, we have investigated the flow heterogeneities in glassy colloidal 
systems near smooth shearing surfaces. The contrast between the yielding behavior close 
to attractive and repulsive plates raises several interesting points. For all systems studied, 
wall-slip persists even after yielding and increases linearly with the shear stress in the 
sample. For repulsive paste-wall interactions, the slip velocities were high and bulk flow 
was uniform; for attractive cases slip velocities were small/negligible and flow was shear-
banded. This also indicates that suppression of slip near smooth walls by inducting 
attractive paste-wall interactions is accompanied with a loss of flow uniformity. It 
appears that smooth attractive surfaces drive local changes in the flow mechanism near 
the boundary and cause shear-banding, but what are these precise changes is not known 
at this time. We have provided rough limits of the shear-banding and uniform flow 
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regimes, and particle scale simulations or experimental probes are necessary to gain 
further insight. 
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Appendix 3.A. Variation of slip velocity with the shear stress and the 
applied rotation rate 
In figures 3.8 and 3.9 it was observed that beyond the yield point, increase in the 
slip velocity with the applied rotation rate and the shear stress is independent of the 
surface parameters. In the following, the relationship between the two scalings are 
derived 
From figure 3.9b the slip velocity increases with the shear stress according to  
 1 ~ 1 ys
y y y
V
V
σ σσ
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where Vy is the slip velocity at yσ σ= . From the bulk flow curve equation, we know the 
shear stress σ  as a function of the bulk shear rate γɺ  as 0.5y Kσ σ γ= + ɺ . Using this with 
equation 3.A.1 we obtain  
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Now, the applied velocity Vp at the rough plate is a sum of the slip velocity Vs and the 
flow contribution eγɺ , e being the gap height. If the bulk shear rate is constant then, 
p sV V eγ= + ɺ  and the above equation can be written as  
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y y
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For a typical system ( )1s yV V −  is more than an order of magnitude smaller than 
( )1p yV V −  (see figure 3.8) and can be neglected from the right hand side of equation 
3.B.3. Therefore, 
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where ( )0.52 2y yC K V eσ=  and which is the same scaling that is observed in figure 3.8. 
For a typical system, 650 10 µm/syV −= × , 10Payσ = , 
0.54 Pa/sK = , 750 µme =  and the 
constant term 0.13C =  and that obtained form experimental data is 0.24. 
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CHAPTER 4 
 
ELASTIC PROPERTIES OF DENSE PACKINGS OF  
HERTZIAN SPHERES 
 
 
4.1 Introduction 
Soft particle pastes (SPPs) deform like weak elastic solids when a stress smaller 
than the yield stress is applied. The weak elasticity originates from the dense and 
amorphous microstructure of pastes. The component particles viz., emulsion droplets, 
microgels or polymer-coated particles, are soft and deformable. Above close-packing the 
paste particles adapt their shape to steric constraints due to the presence of neighboring 
particles by forming flat facets at particle-particle contacts. Each particle is deformed 
against its neighbors and contributes to the elastic energy stored in the system and to the 
total normal stress or the osmotic pressure of the paste. Any additional applied 
deformation is then opposed by the particles through repulsive forces at the contacting 
facets. The resistance to external deformation due to particle-particle repulsive forces is 
responsible for the elastic modulus of the material.  
Locally, each particle is surrounded by many neighbors with which it interacts, 
just as if it were trapped in a cage. Cages persist until a stress exceeding the cage 
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elasticity is applied, which is at the origin of the yielding properties of soft particle pastes 
[Princen (1987); Mason and Bibette (1997); Cloitre et al. (2003a, 2003b)]. It is important 
to note that the force on each particle must balance, and this creates a disordered network 
of interactions or force chains. An imbalance in the forces would cause the particles to 
rearrange collectively and in turn affect the resistance to applied deformation. The 
microstructural rearrangements that instigate particle and facet relocations are important 
contributors to the paste elasticity. 
Shear modulus of the paste, which is a measure of the energy required to deform 
the material, is an important parameter that controls yielding and flow of these pastes that 
have an amorphous and glassy microstructure. The yield stress of colloidal pastes and of 
emulsions scales like the shear modulus [Mason and Bibette (1997); Cloitre et al. 
(2003b)]. The flow curves of microgel pastes exhibit a remarkable universal behavior in 
terms of a unique microscopic time scale that involves the shear modulus [Cloitre et al. 
(2003b)]. Finally, previous experiments studying wall-slip in microgel pastes show that 
the slip velocity scales linearly with the shear modulus [Meeker et al. (2004a, 2004b)]. 
Their elastohydrodynamic lubrication (EHL) model explained that wall-slip in SPPs is 
sustained through a balance between the net normal force (due to the osmotic pressure of 
the paste) pushing the paste particles towards the wall and the hydrodynamic lift force 
generated due to relative motion between the paste particle and the wall. Scaling relations 
obtained the EHL model were the same as those indentified experimentally except that 
they predicted a slip velocity dependent on the osmotic pressure rather than the modulus. 
Thus, for this system of soft particles, the shear modulus and osmotic pressure seemed to 
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be equivalent. In view of this, it is crucial to have predictions of the elastic modulus and 
of the osmotic pressure of pastes in terms of the particle properties and of the 
microstructure.   
In this chapter a simulation study of the elastic behavior of dense microgel 
suspensions and its dependence on the microgel and solvent properties is presented. 
Relationship between the paste shear modulus and the osmotic pressure (or the mean 
normal stress) has been probed. In addition, expressions involving the radial distribution 
function and the pairwise Hertzian potential have been used to reproduce the results for 
high-frequency shear modulus and osmotic pressure. The radial distribution functions for 
varying packing fractions are calculated and are self-similar. The shift in the first peak 
and the peak-width are related to the packing fraction through semi-empirical scaling 
relations. After suitable coordinate transformations, all of the first peaks collapse onto a 
single Gaussian distribution curve. Shearing introduces systematic changes in the paste 
microstructure and the pair correlation function of the sheared materials has an additional 
dependence on the angle from the extended axis. In view of this, an attempt has been 
made to predict the elastic moduli and osmotic pressure of pastes from the packing 
microstructure, particle properties and pairwise interactions.  
The influence of particle-particle interactions on the bulk elastic modulus has 
been discussed in great detail for the case of emulsions [Princen (1986); Lacasse et al. 
(1996a, 1996b)]. There has been considerable work on soft particle pastes composed of 
compressed emulsions. These are often oil-in-water emulsions stabilized with a small 
amount of surfactant with the water dialyzed away. The elastic properties of compressed 
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emulsions have been explored experimentally and theoretically [Buzza and Cates (1994); 
Mason et al. (1995, 1996, 1997); Mason and Bibette (1997); Lacasse et al. (1996a, 
1996b)].  Experimentally, the most unusual behavior occurs when the volume fraction of 
droplets is above φc ≅ 0.635 (i.e., above random close packing for monodisperse spheres). 
It has been noted that that the low frequency elastic modulus oG  is comparable to the 
osmotic pressure or isotropic (compressive) stress within a factor of two or three. On the 
other hand, below φc there is elasticity that is entropic in origin like in hard-sphere 
suspensions. Computational particle simulations have been used to determine the low 
frequency shear modulus and osmotic pressure of a compressed emulsion.  Lacasse et al. 
(1996a, 1996b) developed an empirical, pairwise energy potential and force law for 
compressed emulsions based on exact calculation of the deformation of droplets with two 
to twelve nearest neighbors. The pairwise energy of interaction U was fit to the form U = 
c[(2R/h)α−1], where R is the radius of the droplet, h is the center-to-center separation, and 
c and α are constants that depend on the coordination number.  Using this interaction 
potential Mason et al. (1997) determined the shear modulus and osmotic pressure of the 
emulsions. As in the experiments, they found them comparable though there is no evident 
theoretical explanation for the observed similarity.   
There are far fewer studies of the elasticity of concentrated pastes made of 
particles with bulk elasticity. Adams et al. (2004) studied the influence of particle 
modulus on the rheological properties of agar microgel suspensions. They noticed that 
the suspensions with stiffer particles have a higher elastic modulus. This was rationalized 
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by considering that rheology of pastes at high concentrations is determined by the elastic 
resistance between particles. They attempted to use the Zwanzig and Mountain (1965) 
formalism, normally devoted to the determination of the high frequency shear modulus, 
to predict the low frequency shear modulus.  
We have studied the elasticity of microgel pastes by modeling them as a three-
dimensional system of randomly packed elastic spheres. Simulations are performed 
wherein the packing is subject to isochoric uniaxial extension to compute the high and 
low-frequency shear moduli for various packing fractions. The results for low-frequency 
shear modulus agree well with the data from experiments on microgels pastes. The low 
frequency shear modulus is found to follow the osmotic pressure (or the mean normal 
stress) closely, especially at high packing fractions. In addition, expressions involving the 
radial distribution function and the pairwise Hertzian potential have been used to 
reproduce the high-frequency shear modulus and the osmotic pressure.  
The rest of the chapter is organized as follows. In §4.2 experimental 
measurements of the shear modulus for microgel pastes that are compared with the 
theoretical predictions are presented.  In section §4.3 the elasticity concepts used to 
compute the modulus and the pressure from the system energy are discussed. The 
simulation procedure involves generating amorphous monodisperse and polydisperse 
packings of soft particles and performing computations to calculate both the elastic 
properties and the correlation functions. The simulation setup was tested by comparing 
the results for ordered lattices with those predicted analytically. In §4.4 results from 
simulation for the shear modulus and osmotic pressure are presented for different packing 
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fractions and polydispersities. These moduli are then compared to the experimentally 
observed values for microgel pastes. Finally, in §4.5 the chapter is concluded with a 
discussion of our understanding of the elastic behavior of soft particle pastes.  
 
4.2 Experimental Study  
The shear modulus of compressed emulsions and polyelectrolyte pastes were 
measured as a function of the paste concentration. These experiments were performed by 
our collaborator Dr. Michel Cloitre. In this section the measurement procedure has been 
described in brief. Later, in §4.4.3 the shear modulus data is compared with the 
simulation results.  
4.2.1 SAMPLES 
The emulsions are dispersions of silicone oil (viscosity: 0.5 Pa.s) in water 
stabilized by the non-ionic surfactant Triton X-100 [Mason and Bibette (1997)]. The 
excess surfactant is carefully eliminated by successive washing operations; the final 
concentration of free surfactant is less than 0.01 g/g. The size distribution is moderately 
polydisperse with a mean droplet radius R ≅ 2 µm. The interfacial energy between oil and 
water is 27 mJ/mIσ = . The emulsions are characterized by the volume fraction of the 
discontinuous phase (oil) φ which is obtained from weight measurements before and after 
water evaporation. 
Microgel pastes are made of polyelectrolyte cross-linked microgel particles. They 
are prepared by copolymerizing two monomers, ethyl acrylate (EA) and neutral 
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methacrylic acid (MAA), in presence of cross-linker dicyclopentenyloxyethyl 
methacrylate (DCPOEMA) using standard emulsion polymerization techniques [Borrega 
et al. (1999)]. Microgel beads produced during the reaction are filtered, diluted and 
carefully washed to eliminate the surfactant used during synthesis. At low pH, microgels 
are insoluble in water and behave essentially like hard spheres suspensions of spherical 
particles (radius Ro). Polydispersity of microgel particles has been characterized using 
Photon Correlation Spectroscopy [Borrega (2000)] and the mean-square deviation of the 
particle size distribution, assumed to be log-normal, has been found to be about 0.1.  
When the pH is increased by the addition of sodium hydroxide, the carboxylic 
groups of MAA units can dissociate to yield COO− groups and Na+ counter-ions. Around 
pH=9, carboxylic functions get ionized and microgel particles swell due to the osmotic 
pressure of the Na+ counter ions [Cloitre et al. (2003a)]. Their structure is similar to that 
of a polymer gel network consisting of EA/MMA copolymer strands crosslinked by 
multifunctional DCPOEMA units. The mesh size is determined by the amount of 
DCPOEMA in the reaction bath and the reaction conditions. The degree of swelling 
depends on the microscopic structure of the particles through several physicochemical 
parameters such as the cross-link density, the number of ionized units and the ionic 
strength [Borrega et al. (1999)]. The degree of crosslinking is characterized by the 
average number of monomeric units between two cross-links NX which is determined by 
assuming that the monomers are uniformly distributed inside the microgel particles. 
Larger the NX fewer are the number of crosslinks. The detailed preparation and 
characterization of the polyelectrolyte microgels has been documented by Borrega and 
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co-workers (1999). We have studied three batches of microgels with NX = 140, 70 and 
28. In one case (NX = 140), the ionic strength is varied by adding sodium chloride (CS = 
0.1 mol/L) to the solutions. At low concentrations, swollen microgels have a spherical 
shape with hydrodynamic radius R. The values of R and the swelling ratio Q∞ at infinite 
dilution of the different microgels used in this study are given in Table 4.1 
Table 4.1: Properties of microgel pastes used in this study 
Crosslink 
Density 
NX 
Sodium 
Chloride 
Concentration  
CS (mol/L) 
Hydrodynamic 
Radius            
R (nm) 
Swelling 
Ratio1    
Q∞ 
Close Packing 
Concentration 
Cm (g/g) 
Particle 
Modulus2    
∗E (Pa) 
140 - 220 ± 5 85 0.0080 
(±0.005) 
200 
140 0.1 145 ± 5 21 0.022 
(±0.001) 
1200 
70 - 180 ± 5 39 0.016 
(±0.001) 
500 
28 - 125 ± 5 16 0.035 
(±0.001) 
3000 
1
 The swelling ratio is defined as the ratio of the volumes of the microgel particles 
measured after and before swelling. 
2
 The contact modulus E* and the shear modulus PG  of the particles are related through 
relation (4.3) ( ∗E ≅ 2 PG ). 
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4.2.2 RHEOLOGICAL MEASUREMENTS 
We have measured the shear modulus of microgel pastes and emulsions at very 
low deformations by strain-controlled and stress-controlled rheometry. The strain-
controlled rheometer is a commercially available ARES from Rheometrics equipped with 
a 100 g torque transducer. The stress-controlled rheometer is a RS600 from ThermoRheo. 
Most of the measurements are made using cone and plate geometries (35 and 60 mm 
diameter, angle 2°). For the less concentrated samples it is necessary to use a double-wall 
Couette geometry that has a much higher sensitivity. All geometries are roughened to 
suppress wall slip. The rheometers are systematically equipped with vapor traps that 
reduce water evaporation and prevent pastes and emulsions from drying.  
Effective determination of the storage and loss moduli is complicated by the fact 
that pastes and emulsions are intrinsically out of equilibrium materials. The relaxation of 
stresses and strains trapped locally during preparation and loading of the samples is very 
slow making measurements poorly reproducible unless a fixed protocol is used [Cloitre et 
al. (2000)]. In practice, a pre-shear stress (or shear-rate) resulting in fluidization of the 
samples is applied prior to each measurement. The pre-shear flow is then stopped and the 
samples are allowed to relax during 3000 s. During this time period the samples age. 
During aging, the storage modulus G′  increases and the loss modulus G ′′  decreases. The 
time variations of G′  and G ′′  are well described by logarithmic functions. After 3000 s, 
increase of the storage modulus becomes very slow and the samples are considered to 
have reached a quasi-equilibrium state. An oscillatory strain of amplitude γ0 and 
frequency ω is then applied to probe the sample. γ0 is sufficiently low (< 0.01) to ensure 
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that the stress response is linear in strain so that G′  and G ′′  do not depend on the applied 
stress or strain. The frequency ω is varied between 0.001 Hz and 15 Hz.  
 
4.3 Simulation Study 
4.3.1 MODEL 
This study concentrates on the rheological properties of polyelectrolyte microgel 
pastes and emulsions. Both systems, whilst very different in composition and structure, 
consist of soft and deformable spherical particles that are strongly packed into a glassy 
amorphous structure. Polyelectrolyte microgel particles have a bulk elasticity that is 
dominated by the osmotic pressure of the counter-ions associated with fixed charges 
borne by the polymer network, just like in macroscopic polyelectrolyte gels [Skouri et al. 
(1995); Rubinstein et al. (1996)]. At high concentrations, these soft particles exert 
repulsive forces (due to elastic resistance to deformation) on each other through their 
contacting faces. Similar repulsive forces are at work between particles in concentrated 
dispersions of core-shell latex (polystyrene core covered with crosslinked poly(N-
isopropylacrylamide) shell), where the necessary softness results from the outer polymer 
layer [Senff and Richtering (1999)]. In their case the outer layer is neutral and the 
elasticity arises from the entropy of the adsorbed polymer chains [Biver et al. (1997)]. In 
emulsions, the elasticity results from the excess interfacial energy stored when the 
emulsion droplet is deformed due to an applied strain [Princen (1986)].  
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We model a soft particle paste as a random configuration of elastic spheres 
compressed beyond its close packed density. Each constituent sphere is deformed due to 
contact with its neighbors, just like the microgel particles in pastes. Since the spheres are 
elastic, they resist this deformation and energy is spent in compressing the packing. The 
total elastic energy stored in the structure would be a summation of the individual contact 
energies. We shall find that since the particle deformation is small compared to the size 
of the undeformed sphere, the contacts obey Hertzian contact mechanics. Even at the 
highest volume fractions we find that deformation of a particle is no more than 10% of its 
radius. Full numerical solutions of linear elastic deformation of two compressed spheres 
[Liu et al. (1998)] show that the Hertz theory is accurate within 10% for up to 15% 
deformation. We also assume that the contacts are frictionless and hence exert only a 
normal repulsive force at contact. Only in systems such as attractive glasses where the 
particles are much smaller, attractive van der Waals forces would contribute to the 
interaction between two neighbouring particles (see Appendix 4.A). 
Consider two neighboring elastic spheres (see figure 4.1), i and j, centered at ri 
and rj, and compressed against one another. The overlap distance between them is  
 ij i j i jh R R= + − −r r , (4.1) 
where Ri and Rj are the respective radii of the undeformed particles. According to Hertz’s 
theory [Johnson (1985)], the pairwise elastic energy associated with this contact is 
 
2.5 0.58 0,  and
15
0 0,
ij ij c ij
ij ij
u E h R h
u h
∗
= >
= <
 (4.2)  
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where ∗E  is the elastic contact modulus of the particles and accounts for the particle 
stiffness. Stiffer the particle greater is the contact energy for the same deformation. The 
contact modulus E* is related to the Young’s modulus E and the Poisson’s ratio ν  
through  
 ( )212 ν−=∗
EE . (4.3) 
The factor Rc is the reciprocal of the relative curvature defined by 
 
1
Rc
=
1
Ri
+
1
R j
. (4.4) 
Figure 4.1: Two elastic spheres i and j of radii Ri and Rj at a distance rij 
apart. ( )< +ij i jr R R  and the particles deform at contact. F is the elastic 
resistance to deformation.  
rij 
Ri 
F 
F 
i 
j 
Rj 
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For emulsions, Lacasse et al. (1996) have shown that the energy of interaction per 
contact between two compressed droplets can be well described by an anharmonic 
potential of the form  
 
3I
ij ij 0,  and
0 0,
ij
ij ij
u c h R h
R
u h
α ασ −
= >
= <
 (4.5) 
where c is a constant prefactor and Iσ  is the interfacial tension. The exponent α varies 
from 2.1 at low coordination numbers to 2.6 at large coordination numbers. Note that 
except for the slightly different value of the exponent the form of the interaction energy 
between compressed droplets is similar to expression (4.2) for the elastic energy of 
Hertzian contacts. The contact elastic modulus E* is proportional to the Laplace pressure 
RIσ . For an emulsion droplet surrounded by 12 neighbors, we have 
 ( )RE Iσ92.9=∗ . (4.6) 
The total energy U for a random close packing of N spheres is obtained as a sum 
over all the contact energies as  
 
>
=∑∑
N N
ij
i j i
U u . (4.7) 
We are assuming that the interactions are pairwise and that the neighboring facets do not 
influence one another. The stress tensor σ  is calculated using the Kirkwood formula 
[Larson (1999)] given by 
 σ =
1
V
rij
duij
drijj> i
N
∑
i
N
∑ , (4.8) 
where V is the system volume. The osmotic pressure pi  is the mean normal stress, 
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 ( )1
3
pi = tr σ . (4.9) 
When an isotropic body is stretched uniaxially, the elastic energy per unit volume 
changes as a function of the shear modulus G. For a volume conserving strain (Poisson’s 
ratio ν = 0.5) within elastic limits, the energy change is given by [Landau & Lifshitz 
(1986)] 
 
∆U
V
= 2G λ2 − λ − λ0.5 + 1λ0.5
 
 
 
 
 
 , (4.10) 
where λ is the extension ratio. The corresponding ratio in the other two directions is λ−1 2 . 
For small strains λ is close to unity and can be written as (1+ε), where ε is a small 
number. Using this and approximating equation (4.10) correctly to O(ε) the shear 
modulus is given by  
 G ≅ 4
3ε2
∆U
V
. (4.11) 
 
4.3.2 SIMULATION METHOD 
Preparation of model packings 
In order to calculate the osmotic pressure and the shear moduli, we perform 
simulations on glassy packings of soft spheres. First, we generate three-dimensional, 
periodically replicated maximally random close packed configurations of hard spheres. 
For this we use the compression algorithm introduced by Lubachevsky and Stillinger 
(1990). The particle growth rate is chosen large enough to ensure a glassy structure. After 
forming the disordered, close-packed, hard-sphere microstructure, we treat the spheres as 
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soft with a finite elastic modulus. Next, the close packed configuration is compressed by 
reducing the box size in small steps till the desired packing density is achieved. After 
each size decrement the system is allowed to relax and attain a local energy minimum. 
The relaxation protocol utilizes the conjugate gradient algorithm to minimize the system 
energy given by equation (4.7). This is tantamount to allowing the particles to readjust 
their positions so that they are in force equilibrium.  To generate polydisperse packings, 
we begin with a compressed monodisperse configuration, introduce a Gaussian spread in 
the particle radii and then relax the packing to minimize the energy. Following this 
protocol, we generated configurations of spheres of varying sizes with mean radius unity 
and spread of 5, 10, 15 and 20 percent. The packings so obtained do not have the same 
volume fraction as the source monodisperse configuration. In fact, the increase in density 
due to introduction of particles larger than the mean size is greater than the decrease due 
to introduction of smaller particles.  So the polydisperse packing has a volume fraction 
greater than that of the monodisperse packing from which it has been derived. The 
configurations thus obtained are used as templates to compute pi and G for the 
monodisperse and polydisperse systems.  
Calculation of shear modulus 
In order to compute the shear modulus G, we deform the packing in small 
increments. At each increment, the periodic box is stretched and the particle centers 
undergo the corresponding affine displacement. Since the initial configuration was 
relaxed i.e., it was at an energy minimum, any slight deformation would be accompanied 
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by an increase in energy, ∆U∞. From this energy change, we calculate a shear modulus 
[equation (4.11)] that is equivalent to the high frequency modulus G
∞
 obtained by high-
frequency oscillatory shearing in experiments. In this limit, the relaxation time of paste 
particles is slow and so even though the particles experience unequal forces, they do not 
have the opportunity to relax.  
On the other hand, the deformation time is much greater than the paste relaxation 
time for the low frequency experiments. While the paste is being deformed, microgel 
particles rearrange themselves in order to balance their forces and minimize their contact 
energy. To simulate the simultaneous deformation and relaxation we employ a quasi-
static technique. After each deformation step, we hold the deformed periodic shape and 
let the particles adjust their positions with respect to their neighbors. The configuration is 
thus allowed to relax till the system reaches its local energy minimum after which the net 
change in energy 0U∆  from the undeformed state is calculated. The modulus 
corresponding to 0U∆  [equation (4.11)] is the low frequency modulus oG . Because of the 
intermediate relaxations, the increase in system energy will be lower than the high 
frequency change 
∞
∆U  and oG  will  be lesser than G∞ .  
If at any point in the quasi-static simulation the system is seated in a very shallow 
minimum, it becomes unstable to minute deformations. The slightest strain is sufficient 
for the system to overcome the small energy barrier and thus trigger a cascade of 
irreversible configurational rearrangements. These local adjustments are reminiscent of 
the aging phenomenon observed in pastes. During the simulation, such relaxations of 
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local instabilities lead to a net reduction in system energy upon deformation i.e., a 
negative shear modulus. To avoid this, we repeatedly extend and compress the system in 
all three directions until all the local instabilities are eliminated. The extensions are 
performed in seven steps, with intermediate relaxation, until an extension ratio of 1.01 is 
achieved. The same procedure is followed during compression back to the original cubic 
box. After the iterations are complete, we compute 0G  from the energy change 0U∆  
associated with the seven-step extension in each direction and average it over all the 
instances.  Increasing the number of steps, decreasing the size of the step strain, and small 
changes to the extension ratio do not change the results presented later. 
4.3.3 EVALUATION OF SIMULATION WITH ORDERED LATTICES 
Before carrying out simulations for soft glassy systems, we test the uniaxial shear 
theory if tested for simple cubic (SC), body-centered cubic (BCC) and face-centered 
cubic (FCC) lattices. For each of these ordered lattices, consider a unit cell surrounding a 
single particle. Since the exact positions of all the particles are known, using equations 
(4.9) and (4.11) and retaining terms up to O(ε2) we obtain expressions for the osmotic 
pressure pi and the shear modulus G as shown here. 
Consider a particle in an ordered lattice. Let n be the number of its immediate 
neighbors. Elastic energy of the particle [from equation (4.7)] is a summation over the 
interaction energy due to each neighbor and its contribution to the system energy per unit 
volume is given by 
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U
V
=
1
Vp
u(ri − 2R)
i=1
n
∑ , (4.12) 
where ri is the distance from the ith neighbor and Vp is volume per particle for the lattice. 
During an affine deformation, the distance from each neighbor changes from rio (which is 
known for each neighbor) to rif. In a Cartesian coordinate system this transformation will 
be  
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where subscripts x, y and z indicate the corresponding components of the interparticle 
distance. For small strains, the change in r can be approximated as 
 
( ) [ ] ioizoziyoyixoxioif rrrrrr −++=− 21222222 λλλ , (4.14) 
and the corresponding change in energy is 
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Simplifying this up to second order in ε, 
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Table 4.2: Summary of uniaxial shear moduli derived for ordered lattices 
Lattice Relative Compression β Shear Modulus G Osmotic pressure pi 
SC pi
6φ
 
 
 
 
 
 
1
3
 
( )





 −
−
−
∗
β
β
β
β 1
2
31
3
2
1
E
 
( )
2
2
3
3
1
β
β−∗E  
BCC 3pi
8φ
 
 
 
 
 
 
1
3
 
( )
2
2
31
3
2
β
β−
−
∗E
 
( )
2
21
3 β
β−∗E
 
FCC pi
3 2φ
 
 
 
 
 
 
1
3
 
( ) ( )





 −
−
−
∗
β
β
β
β 17
2
31
2
2
1
E
 
( )
2
2
31
3
22
β
β−∗E
 
 
Using the above form for energy required to deform a crystal in equations (4.9) and   
(4.11) the osmotic pressure and shear moduli corresponding to uniaxial extension can be 
computed for each ordered lattice. The final formulae are listed in Table 4.2. β is a ratio 
of particle compression at each contact to the undeformed particle radius R and is a 
function of the packing fraction φ. We used these exact formulae to check the simulation 
results for SC, BCC, and FCC packings with 1000, 1024, and 1372 particles, 
respectively.  
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Figures 4.2 and 4.3 plot the results for G and pi along with the corresponding 
predicted values as a function of φ. In ordered lattices, because of symmetry, each 
particle is always situated at its equilibrium position. Symmetry is retained even when the 
crystal is sheared using an affine deformation and hence the system always resides at the 
energy minimum for that strain. This implies that during the quasi-static simulations there 
is no intermediate relaxation and so the low frequency modulus is the same as the high 
frequency value.  
Figure 4.2: Comparison between the uniaxial shear modulus G (scaled 
with the particle contact modulus ∗E ) as a function of volume fraction φ. 
Symbols correspond to simulation results and lines represent analytical 
expressions obtained from the derivations in §4.3.3. Note that the high and 
low frequency shear moduli are same for ordered lattices 
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It must be noted lattices are not elastically isotropic [Landau and Lifshitz (1986)]. 
In fact, the shear modulus for ordered lattices is a function of the relative orientation of 
the lattice and the shearing direction. Hence G obtained from the energy change using 
equation (4.11) may not be the same as the shear modulus defined for a simple shear.  As 
it turns out, G for the SC lattice is the same as the modulus obtained from simple shear 
while those obtained for BCC and FCC are not the same. In fact, BCC lattice is unstable 
to uniaxial strains and shows a negative shear modulus.  
Figure 4.3: Osmotic pressure pi (scaled with the particle contact modulus 
E∗ ) as a function of the solid volume fraction φ for the three lattice 
structures. Symbols correspond to simulation results and lines represent 
analytical expressions obtained from the derivations in §4.3.3. 
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4.4 Results 
Simulations were performed for amorphous configurations of 1000 soft spheres 
for packing fractions φ varying from 0.65 to 0.9. At each φ, nine different instances of 
random packings were generated and used to calculate the bulk elastic properties and 
evaluate the microstructure. For each configuration, among other properties, the osmotic 
pressure, low frequency shear modulus and high frequency shear modulus were 
computed according to the protocols listed in the previous section. The simulation results 
were averaged over all the instances. Where significant, the spread in the simulation 
results has been shown as error bars. Simulations for larger systems up to 10,000 particles 
yield similar results.  In the ensuing subsections, we present our results for the elastic 
properties of soft particle pastes. The simulation results are verified against the 
experimental observations. We also address the relationship between the shear modulus 
and the osmotic pressure of pastes.  
4.4.1 ELASTIC PROPERTIES COMPUTED FROM SIMULATIONS  
Figure 4.4 summarizes the simulation results for monodisperse packings. It shows 
a plot of 0G , G∞  and pi (scaled with ∗E ) versus the packing fraction. These values of the 
shear moduli and the osmotic pressure were consistently reproduced over nine sample 
configurations for each fraction and show little spread with error bars smaller than the 
symbols.  
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Figure 4.4: Simulation results for monodisperse packings. The high 
frequency shear modulus G
∞
, the low frequency shear modulus oG , and 
the osmotic pressure pi (all scaled with the particle contact modulus ∗E ), 
are plotted versus the packing fraction φ. The solid and dashed lines 
represent G
∞
 and pi predicted using equations (4.18) and (4.19), 
respectively. 
Up to a packing fraction of around 64.0=Cφ  i.e., the random close packing 
density, there is no contact between particles and both the shear moduli and the osmotic 
pressure are zero. At higher concentrations the spheres are deformed. The osmotic 
pressure grows rapidly at first and then continues to increase more slowly at higher 
volume fractions. G
∞
 also undergoes a sharp rise at the critical packing density. As the 
packing fraction increases, the energy required to deform the packing also increases and 
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hence G
∞
 grows. oG  shows the same trend but is less stiff than G∞ . This is because 
change in energy accompanying deformation with intermediate relaxation is also lower.  
 To identify the effect of variation in particle radii on the bulk properties of pastes, 
simulations were carried out for packings with varying levels of polydispersity. 
Surprisingly even a 20% spread in the particle radius does not effect either oG  or pi 
significantly. In figures 4.5 and 4.6, which plot oG  and pi, respectively, against the 
volume fraction φ, the results for the different polydisperse sets are very close. It is 
difficult to distinguish a definite trend due to polydispersity. The percolation threshold, 
which is the fraction at which the particles start touching each other and form force 
chains through the system volume, is not very different for each set and seems fixed at 
around 0.64. Similar observations have been made earlier. Phan et al. (1998) studied the 
percolation transition for disordered hard spheres and found that the threshold value 
varied negligibly from 0.64 for polydispersities up to 0.1. Mecke and Seyfried (2002) 
also suggested that a much higher polydispersity is needed to view significant deviations 
from the monodisperse results. In yet another study by Lorenz et al. (1993), the 
thresholds for different polydispersities could not be distinguished within their limits of 
accuracy. 
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Figure 4.5: Simulation results for the low frequency shear modulus Go 
(scaled with the particle contact modulus ∗E ), computed for 0, 5, 10, 15 
and 20% polydisperse packings as a function of Cφ φ− . 
Figure 4.6: Simulation results for the osmotic pressure pi (scaled with the 
particle contact modulus *E ), computed for 0, 5, 10, 15 and 20% 
polydisperse packings as a function of Cφ φ− . 
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Figure 4.7: Simulation results for the high frequency shear modulus G∞ 
(scaled with the particle contact modulus E*), computed for 0, 5, 10, 15 
and 20% polydisperse packings as a function of φ - φC. The error-bars 
represent spread in the data and are one standard deviation long. 
 
Figure 4.7 shows the results from simulations of the high frequency modulus. In 
this case, deviation of the computed values is too large to conclude anything definitively 
about the effect of polydispersity on G
∞
. The spread in the high frequency results is an 
indication of the presence of metastable regions in the packing. During the low frequency 
calculations these regions are eliminated due to the iterative deformation-relaxation 
protocol. If instead of the raw undeformed configuration we use the configuration 
obtained after the stretching and relaxation steps, we observe much smaller deviations 
and the error bars are no longer significant.  
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4.4.2 EXPERIMENTALLY MEASURED SHEAR MODULUS 
Now, we test our predictions for the paste moduli against the experimentally 
observed values. At low concentrations, the linear rheology of microgel suspensions is 
like that of viscous colloidal suspensions. At large concentrations, microgel suspensions 
exhibit solid-like properties with )(ωG′  being much larger than ( )ωG ′′ . )(ωG′  exhibits a 
slowly varying low-frequency plateau and ( )ωG ′′  has a shallow minimum at a frequency 
ωm. The data reported in this study are all measured at the frequency ωm. The 
reproducibility of the measurements is better than ±5%. The concentration at which the 
plateau in ( )ωG′  appears, coincides with the concentration where the zero-shear viscosity 
diverges [Borrega et al. (1999)]. This concentration, which marks the onset of solid-like 
behavior, is denoted by Cm in the following. Table 4.1 shows that Cm depends on the 
crosslink density and the ionic strength, it increases when the crosslink density increases 
(i.e. when Nx becomes smaller) and when salt (sodium chloride) is added to the paste (CS 
= 0.1 mol/L). This is because the swelling of polyelectrolyte microgels is smaller for 
larger crosslink densities and higher ionic strengths. It has been shown that the volume 
fraction at Cm is φC = 0.64 [Borrega et al. (1999)]. This value is also in good agreement 
with literature data for monodisperse suspensions [Russel et al. (1989)]. 
Figure 4.8 shows the plateau values of the elastic shear modulus of microgel 
pastes plotted against the polymer concentration C when the crosslink density and the 
ionic strength are varied. The different curves have the same characteristic shape. The 
elastic modulus increases sharply above Cm. This initial rise is followed by a much 
slower increase at large concentrations.  
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Figure 4.8: Low frequency plateau values of the experimentally measured 
elastic shear modulus of microgel pastes with varying crosslink densities 
as a function of the polymer concentration C with (▲: NX = 140, CS = 0.1 
mol/l) and without (∆: NX = 28; ∆: NX = 70; ∆: NX = 140) sodium chloride. 
NX is the number of monomers between two crosslinking molecules and 
CS is the salt concentration. The straight lines show that the increase of the 
elastic modulus above the close-packing concentration Cm (∆:Cm = 
0.036g/g; ∆: Cm = 0.016g/g; ∆: Cm = 0.008g/g; ▲: Cm = 0.022g/g) is well 
described by a power law variation with an exponent in the range 6-7. The 
inset is a double logarithmic plot of the low frequency elastic modulus 
computed numerically versus the volume fraction. The slope of the 
straight line is 6. 
The inset of figure 4.8 shows that the increase of the elastic modulus above Cm is 
well described by a power law variation of the form: oG  ~ C
k
, where the exponent k is in 
the range 6-7. Similar results are reported in the literature for thermo-sensitive microgels 
[Senff et al. (1999)] and poly(methyl methacrylate) microgels [Paulin et al. (1996)]. 
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More recently, Ramakrishnan et al. (2004) have observed a similar dependence of the 
elastic shear modulus on the packing fraction for concentrated depletion gels. 
Interestingly, the low frequency modulus computed numerically for elastic 
particles follows the same kind of variation with 6~oG φ . This is the first evidence that 
our micromechanical model captures the essential physical ingredients that determine soft 
paste elasticity. While this power law fits the data empirically, a percolation-like 
expression ( )~o CG φ φ−  is probably more fundamentally correct (figure 4.5). 
4.4.3 COMPARISON BETWEEN SIMULATION RESULTS AND EXPERIMENTAL DATA 
Before we go further and make a quantitative comparison between the numerical 
predictions and the experimental results, we have to convert the experimental 
concentration C into a volume fraction φ. In hard sphere suspensions, where the volume 
of the particles is known a priori, it is fairly easy to relate C and φ. In contrast, 
polyelectrolyte microgels are soft polymeric micro-networks that are subject to de-
swelling when the concentration is increased. De-swelling with concentration occurs by 
at least two mechanisms which we shall refer to as steric de-swelling and osmotic de-
swelling. Steric de-swelling takes place at high concentration when the volume fraction 
becomes close to 1. In this case the swelling equilibrium is not reached, the swelling of 
the microgels being limited by the quantity of solvent that is available. Osmotic de-
swelling is due to the fact that the concentrations of counter-ions inside and outside the 
microgels are coupled and vary with polymer concentration. In a previous study, it was 
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shown that osmotic de-swelling plays a significant role below close-packing and that it 
can be suppressed by salt addition [Borrega et al. (1999)].  
In view of this, we first consider the experimental data obtained for microgel 
pastes in the presence of sodium chloride (NX = 140; CS = 0.1 mol/L). Since osmotic de-
swelling is negligible, φ  and C must be proportional through a constant coefficient equal 
to mC Cφ  with 0.64φ =C . The volume fraction of the pastes can then be computed easily 
from the polymer concentration. The similarity of behavior observed in figure 4.8 for 
pastes with and without sodium chloride suggests that osmotic de-swelling does not play 
a significant role and can be neglected above Cm even in the absence of salt.  We can 
apply the same analysis as before i.e., φ is set from the condition that 64.0=Cφ  at Cm.  
To compare the numerical predictions with the experimental data we also need to 
calculate the Young modulus of the individual microgels and estimate ∗E . Since the 
elastic modulus of individual microgels could not be measured directly, we have 
considered ∗E  as a free parameter that was varied to collapse the experimental data onto 
the numerical results. In practice, the data were collapsed at large volume fraction. 
Finally, in figure 4.9, we compare the variations of oG /
∗E
 
versus φ predicted for elastic 
spheres and measured for microgel pastes. We observe that the predicted and measured 
data follow the same variation when φ  increases. This result is independent of the 
particular value of ∗E  since in figure 4.9, any bias in the choice of ∗E  would simply lead 
to a vertical shift of the experimental data. The values of ∗E
 
for
 
which the experimental 
data best fit the predictions are given in Table 4.1. From these values we can estimate the 
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shear modulus of the microgel particles, PG  [making E = 3 PG  and ν = 0.5 in equation 
(4.3), we find: PG  ≅ 0.5 ∗E ]. 
Figure 4.9: The low frequency shear modulus oG  from simulations for 
elastic spheres with 10% polydispersity (•), compared with the plateau 
values of the elastic modulus from experiments for microgel pastes with 
(▲: NX = 140, CS = 0.1 mol/l) and without (∆: NX = 28; ∆: NX = 70; ∆: NX 
= 140) sodium chloride. NX is the number of monomers between two 
crosslinking molecules and CS is the salt concentration. For comparison 
with the simulation results, the moduli measured for the microgel pastes 
are normalized by a suitable contact modulus ∗E  (see text). The results 
from experiments on silicone oil/water/Triton-X-100 emulsions (◊) and 
the data [from Mason et al. (1995)] for silicone oil/water/SDS emulsions 
(◊) are also shown. 
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The particle shear modulus PG  increases with the crosslink density and upon salt 
addition, just as observed for macroscopic gels. Moreover, the values of PG  have the 
same order of magnitude as those measured for macroscopic polylectrolyte gels [Skouri 
et al. (1995); Nisato et al. (1995); Nisato et al. (1996)]. It is interesting to note that the 
volume fraction reaches the value 1 in the range of concentration where the variations of 
the elastic modulus shown in figure 4.8 deviate from power-law variation. This leads us 
to consider two types of concentrated pastes. For 164.0 << φ , i.e. 1.8< <m mC C C , the 
variations of the shear modulus are essentially determined by the microstructure of the 
pastes. Once 1≅φ , the microstructure is set and does not evolve but it is possible to 
concentrate microgel pastes much further because microgels de-swell sterically. The 
increase of the shear modulus in this regime reflects the change of ∗E . 
The plateau values of the shear elastic modulus (taken at frequency ωm) of 
silicone oil/water/Triton X-100 emulsions  are also shown in figure 4.9. The experimental 
data have been scaled by the particle contact modulus given by equation (4.6) (with R = 2 
µm and Iσ  = 7 mJ/m2). Also plotted on the same graph are the data taken from Mason et 
al. (1995) for silicone oil/water/SDS emulsions. All the sets of data are in good 
agreement showing that the Hertzian potential of interaction, introduced in expression 
(4.2), accounts reasonably well for the repulsive interactions between compressed 
droplets in concentrated emulsions. In figure 4.9, as φ approaches unity the shear 
modulus (scaled with ∗E ) will reach a plateau value of ~ 0.05. Instead if it were 
normalized with the particle shear modulus, PG ≅ 0.5 ∗E , the ordinate scale will be twice 
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this value. In conclusion P ~ 0.1oG G  and not 1.0 as φ  approaches unity. This is because 
the shear modulus of a non-continuous system of frictionless microgel particles is not the 
same as the shear modulus of the bulk gel PG .  
4.4.4 COMPARISON BETWEEN SHEAR MODULUS AND OSMOTIC PRESSURE 
Let us now address the question posed earlier: is the shear modulus same as the 
osmotic pressure for soft particle pastes? In figure 4.10,we plot the ratio of the low 
frequency shear modulus to the osmotic pressure, 0G /pi, versus the packing fraction for 
the different polydispersities. 
As the solids concentration is increased the ratio approaches an O(1) value. For 
significant paste density, which is the general operating regime, the ratio is approximately 
2. Lacasse et al. (1996a, 1996b) observed a similar correspondence between the shear 
modulus and osmotic pressure for compressed water in oil emulsions. Though a rigorous 
proof for this observation is not yet known, the presence of disorder in the system is 
needed for any relationship between the two (recall the moduli and osmotic pressures for 
ordered lattices).  
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Figure 4.10: Ratio of the low frequency shear modulus 0G  to the osmotic 
pressure pi obtained from simulations of 0, 5, 10, 15 and 20% polydisperse 
packing versus the packing fraction φ. 
 
4.5 Microstructure of Dense Packings of Hertzian Spheres 
In parallel with the study of paste elasticity, we have probed the link between the 
microscopic structure and the bulk properties. For the initial isotropic (undeformed) 
system, the local structure is completely described by the radial distribution function g(r), 
where r is the distance between particle centers. To calculate g(r) we choose a test 
particle, divide the space surrounding it into 100 radial bins and count the number of 
particles in each bin. The process is repeated and g(r) is averaged over all the particles in 
the system and then suitably normalized with the volume of the spherical shells.  
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The total potential energy U is related to the radial distribution function and the 
energy potential by the expression 
 ( ) ( )
2
2
0
4
R
U n r u r g r drpi= ∫ , (4.17) 
where n is the number density of particles and u(r) is the pairwise interaction energy.  
The osmotic pressure pi is given by 
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pi = − ∫ , (4.18) 
and the high frequency shear modulus G
∞
 is given by [Zwanzig and Mountain (1965)] 
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∫ . (4.19) 
Upon deformation, the structure is no longer independent of direction and there 
will be variation in the particle density along the extended axis due to stretching. So a 
pair correlation function g(r,θ) is calculated, where θ  is the polar angle from the 
stretched axis. Since the system is symmetric around the stretched axis, there will be no 
structural dependence on the azimuthal angle. To calculate g(r,θ) the space around each 
particle is divided into 100 radial bins, segmented into 20 bins along the θ direction. The 
number of particles in each bin are counted and then normalized after averaging over all 
the particles in the system. 
4.5.1 DISTRIBUTION FUNCTION OF UNDEFORMED PACKING  
In figure 4.11 the radial distribution function computed for the undeformed 
system has been plotted against the scaled radial distance. But for the first peak (refer part 
a), this radial structure is very similar to that observed for jammed hard-sphere packings 
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[Donev et al. (2005)]. g(r) for hard spheres shows a sharp rise from zero at r = 2, which 
is the hard sphere diameter. Here since the soft sphere packing is compressed, the nearest 
neighbor distance is much lower than the undeformed particle diameter. The first peak is 
thus located at radial distances r < 2 and is also broader (refer part b). This structure is 
similar to that reported by Chandler et al. (1983) for particles with soft repulsive 
potentials. We observe that each g(r) curve has a first peak that resembles a Normal 
distribution. So we fit each peak with a Gaussian curve of the form 
 g r( )= aexp − r − rm( )
2
2s2
 
 
  
 
 
  , (4.20) 
where rm is the mean radial distance, s is the spread and a is the peak height. All the three 
show a systematic dependence on the volume fraction. 
As the volume fraction increases, the particles are packed closer together and rm, 
which is the mean distance between neighbors, is lower. Consider a particle in a the 
suspension that is surrounded by N neighbors. A spherical volume of radius 2
m
r  
surrounding the particle centre contains approximately ( )1 2N+  particles, assuming that 
this imaginary sphere cuts each neighboring particle into half (actually it is slightly less 
than half). So the solids volume fraction is ( )( )3~ 1 2 1 2 mN rφ + . At close packing, 
where the particles just touch each other, rm equals 2 and the fraction is ( ) 221~ NC +φ . 
Combining these two results, we obtain that ( )1 3~m Cr φ φ . In the actual system N is not 
constant but increases steadily from around seven for close packing to eleven for high 
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compressions. Thus ( )1 2N+  is a weak function of φ. Upon fitting the observed rm 
values we find that  
 
1
3
0.092.07 Cmr
φ φφ
 
=  
 
, (4.21) 
where the additional weak dependence on φ accounts for the slight increase in the number 
of contacts upon compression. The exponent of (1/3) is reminiscent of that obtained by 
Hiltner et al. (1970) in their study using light diffraction in nonaqueous suspensions. 
They observed that data for different particle sizes could be superimposed when a similar 
scaling for the reduced particle volume was used.  
The peak width s increases with the packing fraction. Since the right edge of the 
peaks reaches a minimum near r = 2, s should be proportional to ( )1 mr− . From the 
observed s values we obtain  
 ( )2.19 1 ms r≅ − .  (4.22) 
The peak height a also shows a distinct φ dependence. It is lower for greater 
compressions and appears singular at the hard-sphere contact. Upon fitting the data for a 
we find that 
 ( ) ( ) 0.42.06.2 −−−= φφφφ Ca , (4.23) 
where it indeed approaches a singularly high value as the packing fraction approaches 
Cφ .   
 
 126 
Figure 4.11: The radial distribution function g(r) for monodisperse 
packings versus the radial distance r (scaled with particle radius R). Parts 
(a) and (b) focus on the shift in g(r) due to variation in the packing 
fraction φ for large and small radial distances respectively. 
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These trends point towards a universality in the particle radial distribution 
function from r = 0 to 2. We find that the peaks are self-similar and can all be collapsed 
onto a single Gaussian curve. This is shown in figure 4.12 where first peaks of the radial 
distribution functions for all the packing fractions have been collapsed onto a master 
Gaussian curve 
 gmod rmod( )= exp − rmod
2
2
 
 
 
 
 
 , (4.24) 
where rmod is the modified radial distance defined as  
 ( ) ( )mod
1
2 m
r
r r
s R
φφ
 
= − 
 
, (4.25) 
and gmod(rmod) is calculated by scaling g(r) with the individual peak heights as 
 ( ) ( )( )mod mod
g r
g r
a φ= . (4.26) 
Thus the parameters used for rescaling are sole functions of the packing fraction 
and its deviation from the close packed value. Using these we can now predict the radial 
distribution function for any packing fraction a priori.  
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Figure 4.12: The rescaled radial distribution function gmod(rmod) for 
monodisperse systems versus the modified radial distance rmod. Curves for 
different packing fractions φ collapse on to the standard Gaussian peak. 
Let us now discuss the dependence of bulk properties, pi and G
∞
, on the 
microscopic structure. We used the above radial distribution functions to calculate pi and 
G
∞
 from equations (4.18) and (4.19), respectively, and verified them against those 
obtained from simulations (see figure 4.4). Both the calculated values and the simulation 
results agree well for the entire range of packing fractions. If the radial distribution 
function of the initial packing is known, which depends on the interparticle potential and 
the packing fraction, pi and G
∞
 can be predicted. 
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4.5.2. EFFECT OF SHEAR ON DISTRIBUTION FUNCTIONS 
Figure 4.13: Contour plots of the change in g(r,θ) for an initially 
undeformed packing at packing fraction φ = 0.8  due to uniaxial shear 
(with extension ratio λ = 0.01) at high frequency i.e., affine deformation 
(a) and low frequency i.e., quasi-static simulations (b). The darker regions 
indicate accumulation while the lighter parts indicate depletion of particles 
relative to the initial packing. The dotted lines represent a sphere 
corresponding to the mean radial distance rm. 
When subject to stretching, the configuration no longer remains isotropic. In fact, 
the imposed uniaxial extension induces a displacement of particles in the system. This is 
demonstrated in figure 4.13, where we plot the contour of the difference between g(r,θ) 
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for the initial (unsheared) and final sheared configurations obtained after high frequency 
(a) and low frequency (b) shears with λ = 1.01. For ease of visualization, we have 
converted the coordinates r and θ  to a Cartesian system. For a packing that is extended in 
the z-direction (stretched axis) the compressed axis corresponds to the x-y plane. The 
dotted line marks an imaginary sphere of radius rm around the reference particle (at the 
origin). On the contour plot darkened regions represent an accumulation of particles 
while the lighter portions correspond to particle depletion as compared to the initial 
undeformed packing. Thus, upon shearing the particles along the stretched axis move 
outwards away from the system center (beyond rm) while those along the compressed 
axes are pushed in towards the center (within the radial distance rm).  
The particle displacement contours observed during the high and low frequency 
uniaxial deformation are similar but not identical. In the case of high frequency shear, the 
particles are systematically displaced away from the center along the stretched axis and 
towards the center along the lateral axes. This induces a θ  dependence in the radial 
distribution function and the imaginary sphere (of thickness ≅  2s) corresponding to the 
peak position (the dashed circle at rm) is deformed into an ellipsoid. Note that for high 
frequency strain, the outermost particles along the stretched z-axis are displaced outwards 
and cause accumulation beyond rm. At the same time, this movement creates a dearth of 
particles around the inner edge of the peak. Similarly, the lateral movement of particles 
(in the x-y plane) leads to particle accumulation and depletion around rm. In part (b), 
which shows the same for a low frequency strain, the accumulation regions along lateral 
axes are not so prominent nor are the depletion region that vivid. This indicates that 
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during the quasi-static simulation the accumulated particles around the compressed axes 
rearrange to lower their overlap and hence the shearing energy. Figure 12 shows that the 
deformation of particle positions for the low frequency case are not affine. If the low 
frequency deformation were affine, then the angular dependence shown in part b should 
match that of the high frequency deformation in part a. This observation is in agreement 
with the findings of Lacasse et al. (1996a) for compressed emulsions.  
 
4.6 Discussion and Concluding Remarks 
The elasticity of soft particle pastes is determined both by the microstructure and 
the elasticity of the particles. The microstructure controls the variations of the elastic 
modulus and the osmotic pressure with the volume fraction. For ordered pastes 
composed of soft particles arranged on a regular lattice, the storage modulus G jumps 
from 0 to some finite value when contact occurs. Further compression of the lattice 
causes only a mild increase of the modulus (figure 4.2). The variations of the osmotic 
pressure pi are much more pronounced (figure 4.3).  Moreover, G and pi strongly depend 
on the lattice symmetry and orientation. For disordered pastes, the high and the low 
frequency storage moduli are different. There is an initial rise in G∞, oG  and pi  above 
random close packing, which is followed by a slower increase at higher volume fractions. 
When the volume fraction increases from φC to 1, G∞, oG  and pi increase by more than 
two orders of magnitude (figure 4.4). This behaviour is associated with the fact that there 
are more and more contacting facets per particle. In contrast to what was observed in 
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ordered pastes the variations of oG  are parallel those of pi and the ratio oG /pi  approaches 
a constant value at large volume fraction (figure 4.10). Finally polydispersity of the 
particle size distribution is found to play a negligible role apart from shifting close 
packing towards higher volume fractions. 
We have characterized the statistical properties of the microstructure using the 
radial pair correlation function. For the undeformed system, the radial structure is 
somewhat similar to that in hard sphere packings except that the first peak is located at 
shorter radial distance as a consequence of particle compression. The peaks become 
lower and wider as the volume fraction φ increases but they exhibit remarkable self-
similar properties. Consequently they can be collapsed onto a single curve, which is well 
approximated by a Gaussian form (figure 11). This suggests that the microstructure 
formed by soft particles that are compressed according to a Hertzian potential exhibits 
universal features. In the deformed state, the particles are displaced along the direction of 
stretching, which induces an angular dependence in the radial pair correlation. 
The elasticity of individual particles enters through the parameter ∗E  that is 
related to the particle shear modulus. While ∗E  does not affect the variations of G∞, oG  
and pi  with volume fraction, it sets their absolute values. Pastes with stiffer particles will 
have larger elastic properties. Here we have shown that the low frequency modulus for 
compressed emulsions with interfacial elasticity is the same as that for microgels 
elasticity coming from counter-ion entropy once oG  is normalized with the appropriate 
∗E  (figure 4.9). The present model should apply to other types of disordered materials 
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such as block copolymer micelles, polymeric star solutions and structured colloids, where 
the particle elasticity has various origins. More experiments in this direction are needed. 
Several non-linear shear flow properties of soft particle pastes have been found to 
scale with equilibrium quantities like the shear modulus or the osmotic pressure: yield 
stress, non-linear flow curves, slip velocity, and phenomenon of aging. In this respect, 
prediction of the elastic properties represents the ultimate link between the microstructure 
of soft particle pastes, molecular architecture of the particles and their macroscopic 
behavior. 
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Appendix 4.A. Estimation of van der Waals attraction between microgel 
particles 
The importance of van der Waals attractions between the paste particles relative 
to the Hertzian repulsion between them is a function of the particle size. The elastic 
energy associated with the contact is given by equation (4.2). For a typical particle-
particle overlap hij of 10% of the particle radius R, the elastic energy is 
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The van der Waals energy, as a function of the effective Hamaker constant between two 
microgel particles (A ~ 10-21 J), is ( ) ( )( )ijij hRhdA 5.05.012/ 2 −× pipi , where d is the typical 
value of the interparticle distance at contact and the second term is the contact area 
between two particles. For a 10% overlap, the attractive energy is 
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410=∗E Pa for microgels and 16.0≅d nm at contact [Israelachvili (1991)]. 
From equations (4.A1) and (4.A2), the particle radius at which the two forces 
balance each other is no larger than 10 nm i.e., van der Waals forces will dominate if the 
particles have radii smaller than this value. Microgel pastes that are composed of 
significantly larger particles (refer Table 4.1) and thus Hertzian repulsion is the dominant 
interactions. Below the cross-over particle size attractive forces will be important, as in 
attractive-glasses. 
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CHAPTER 5 
 
DYNAMIC SIMULATIONS OF SUSPENSIONS OF 
ELASTIC SPHERES 
 
 
5.1 Introduction 
Dense and glassy colloidal suspensions (or soft particle pastes) are known to 
exhibit characteristic and non-linear shear rheology. SPPs are yield-stress fluids and 
respond either like an elastic solid or a viscoelastic fluid to applied stresses - solid-like 
when zero or small external force is applied and begin to flow like normal fluids when a 
stress greater than the yield value of the material is applied. Above their yield stress, 
SPPs are shear thinning fluids and the shear stress increases with the shear rate raised to 
power of half. Rheological measurements reported by Cloitre et al. (2003) have shown 
that the flow of SPPs (concentrated microgel suspensions and compressed emulsions) 
under shear flow is described by a single universal flow curve. Recent flow curves 
obtained from investigations of other SPPs, namely diblock copolymer micellar solutions 
[Merlet (2008)] and star polymers [Beris et al. (2008)], have confirmed this.  
Figure 5.1 shows the shear stress versus the shear rate measured at steady state for 
different SPPs: microgel pastes [red symbols, Cloitre et al. (2003)], compressed 
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emulsions [blue symbols, Locatelli (2008)]), and copolymer micellar solutions [green 
symbols, Merlet (2008)]. In plot a, the flow curves obtained for microgel pastes with 
varying particle concentration, cross-link density, salt concentration, and solvent 
viscosity are similar: a minimum shear stress below which the paste is solid-like and does 
not flow i.e., the yield stress of the material, and a power-law dependence between the 
shear stress and strain rate at higher stresses. Each curve can be best described by a 
Herschel-Bulkley curve of the form ny Kσ σ γ= + ɺ , where yσ  is the yield stress (its 
magnitude is approximately 4-6% of the low frequency paste modulus Go); K is a 
constant prefactor dependent on the material properties (η, Go); and n is the exponent 
which is approximately equal to 0.5 for all the SPPs. 
It is clear from figure 5.1a that for samples with higher concentration of particles 
or that consist of stiffer particles (due to either higher cross-link density or lower salt 
concentration) the flow curves shift toward higher shear and yield stresses and lower 
shear rates. Higher solvent viscosities systematically shift the flow curve towards smaller 
shear rates. A similar trend is observed for compressed emulsions: pastes with larger 
packing fractions φ exhibit higher stresses and lower shear rates while a higher 
continuous phase viscosity shifts the flow curve lower on the shear rate axis. Also shown 
in plot b is a data set for concentrated block copolymer micellar suspensions at high 
temperatures [Merlet (2008)]. Under the experimental conditions the micelles form 
spherical structures that are soft and interpretable. Whilst very different from microgels 
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and emulsions in terms of dispersed phase structure and sizes, these too exhibit similar 
shear rheology.  
When non-dimensionalized using yσ  and oG η , the data from microgel pastes, 
emulsions and micellar solutions collapse together on a single flow curve. Universality of 
the rheological behavior of a wide variety of materials and its dependence on only the 
paste shear modulus Go and the solvent viscosity η  is quite remarkable. This is 
suggestive of an underlying flow mechanism that must be common to all the materials 
that fall under the category of SPPs. Fundamentally the common aspects of SPP 
composition viz., soft particles in a dense and disordered suspension, must be at the root 
of this behavior. A similar microscopic description befits molecular and polymeric 
glasses and indeed they too exhibit similar flow curves.  
Glassy materials are characterized by slow (non-equilibrium) dynamics. The high 
dispersed phase concentration impedes motion of the constituent particles and motion of 
individual particles is constrained [Cloitre et al. (2000) and Weitz (2001)]. At zero or low 
stresses individual particles are trapped in their positions due to disorder and close 
proximity of the neighboring particles (cage-effect) and cannot break loose unless a 
significant external force or disturbance is applied. Additional steric constraints must be 
overcome before the particle can move or flow in response to the external or microscopic 
force.  
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Figure 5.1: Shear stress plotted versus the shear rate measured at steady 
state for microgel pastes [red symbols, Cloitre et al. (2003)], and 
compressed emulsions of silicone oil in water-glycerol [blue symbols, 
Locatelli (2008)] and copolymer micelles [green symbols, Merlet (2008)]. 
In plot (a) the data for microgel pastes is presented for varying particle 
concentration C (g/g), % cross-link density, salt concentration CS, and 
solvent viscosity η (mPa-s): □ – [0.06, 1, 0, 0.9], ■ – [0.06, 5, 0.1, 0.9], ◊ 
– [0.04, 1, 0, 0.9], ○ – [0.03, 1, 0, 0.9], ● – [0.03, 1, 0, 7.2]. Data for 
emulsions is presented for varying packing fractions φ and solvent 
viscosity η (mPa-s): □ – [0.92, 7.9], ○ – [0.76, 7.9], ● – [0.76, 1.3], ∆ – 
[0.70, 7.9]. A single data set for ABA copolymer micellar solution with 
modulus Go = 1800 Pa and solvent viscosity η = 8.2 mPa-s. Plot (c) shows 
collapse of the different data sets when shear stress and shear rate are 
scaled with yσ  and oG η , respectively.  
 
(c) 
Increasing C, NX, Cs, η Increasing φ, η 
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Cage-effect dynamics in glassy systems have been explained using 
phenomenological models e.g., Sollich et al. (1997) and Sollich (1998). Several 
simulation studies via molecular dynamics [Yamamoto and Onuki (1997), and Varnik et 
al. (2003)] and Mode Coupling theory [Fuchs and Cates (2002)] for sheared glasses have 
also been used to understand the dynamics of molecular and colloidal glasses. These 
models and simulations have successfully captured some of the characteristic features 
observed in experiments. They predict a Herschel-Bulkley like flow curve for the shear 
rheology of these materials. However, exact comparison with experimental data usually 
involves adjustable parameters that are not directly related to materials’ properties. SPP 
rheology and aging, on the other hand, is dependent on macroscopically measurable 
material parameters. This makes them model systems for studying slow and glassy 
dynamics of soft condensed matter.  
A distinctive feature of SPPs is the presence of specific interactions mediated by 
the suspending liquid. The packing is dense and particles are compressed against their 
neighbors forming flat facets at contact. The solvent is present in think films between the 
facets or in the interstitial volume. The relative motion between particles during shear 
creates a hydrodynamic pressure field in the films. This causes additional elastic 
deformation of the particles, which self-consistently maintains the lubricating films and 
ultimately regulates the flow. An elasto-hydrodynamic lubrication (EHL) theory proposed 
by Meeker et al. (2004a, 2004b) for slip at a smooth wall showed that EHL drag 
increases with the slip velocity raised to a power of half. Here a model is proposed for the 
dynamics of SPPs under shear that incorporates elastohydrodynamic lubrication 
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interactions between particles of the amorphous suspension. Since the EHL drag between 
particles must exhibit a similar scaling with relative particle velocity (or the shear rate), 
perhaps it can explain the 0.5n ≅  exponent observed in figure 5.1.  
In this chapter molecular-dynamics-like simulations are described that probe 
simple shear flow in dense suspensions of deformable particles that interact via non-
contact elastohydrodynamic lubrication interactions. Exact calculations of EHL dynamics 
being computationally prohibitive and approximate scalings for the pairwise interaction 
are used instead. Flow curves and normal stress differences for sheared SPPs are 
calculated for suspensions of monodisperse and polydisperse elastic particles of varying 
packing densities. Flow curves for different packing fractions collapse together up on 
appropriately scaling using the solvent viscosity and paste shear modulus. The universal 
shear rheology curve obtained from simulations is compared with experimental results 
from Cloitre and coworkers. Simulations allow provide insight into the microscopic 
origins of the shear and normal stresses. A study of the suspension microstructure during 
shear flow is presented and its influence on the paste rheology is discussed.  
The rest of the chapter is organized as follows. In §5.2 the elastohydrodynamic 
lubrication (EHL) model for relative motion between two particles will be discussed 
along with three-dimensional dynamic simulations of glassy pastes at constant shear rate. 
This will be followed by presentation of results from simulations of Hertzian particle 
suspensions under shear for shear stress and normal stress differences in §5.3 and which 
will then be compared with the experimental data in §5.4. The results from the first 
simulation were found to be shifted from the values observed for the experiments. Later it 
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is shown that the shearing induces higher overlaps between particles and the measured 
stress is sensitive to the particle deformation law. An improved model of particle 
elasticity that accounted for the non-linear elasticity of paste particles will then be 
implemented. Results from the corrected simulations will be presented and compared 
with experimental data in §5.5. In §5.6 the suspension microstructure and its importance 
in determination of the shear and normal stresses would be investigated. Finally, 
concluding remarks will be presented in §5.7.  
 
5.2 Model Description 
In Chapter 2 elastic properties of SPPs was studied by modeling pastes as three-
dimensional periodic packings of elastic spheres. Here a similar model with added 
hydrodynamic interactions between the elastic particles is used to study the dynamics of 
SPPs under. The soft and glassy colloidal suspensions are represented as disordered 
packings of elastic spheres suspended in a solvent of viscosity η. Particle concentration is 
very high so that the solid volume fraction φ lies between the maximally random close 
packing fraction 0.64cφ ≅  and unity. Such packing densities are achievable because the 
particles are soft and can deform as per the steric constraints at the cost of stored elastic 
energy. The total energy cost for generating a highly packed configuration depends on the 
packing fractions and stiffness of the particles, which in practice depend on the cross-link 
density for microgels or surface tension for emulsions and foams.  
 142 
In the absence of any external force, the suspension seeks to reach a local energy 
minimum through particle rearrangements so that the net elastic force experienced by 
every particle is zero. The response of the suspension to shear is dependent on the particle 
cage-dynamics and on the hydrodynamic resistance experienced by the particle due to its 
motion through the suspension. Consider a single particle’s response to shear. When first 
set into motion the particle must break through the arrangement of particles around it 
(cage-effect) which will require a minimum stress. Having overcome the initial resistance 
the particle can move through the suspension by either sliding over or by further 
deforming its neighbors during which it will experience a frictional resistance (or drag) 
and an elastic hindrance to deformation of particles. Cage-dynamics that depend on the 
effective stiffness of the cage must dominate at low applied forces. At high applied shear 
rates the particle motion is dominated by the drag and elastic resistances.  
Because of high concentration of particles every particle is always in contact with 
its neighbors and solvent is present in thin layers between the deformed particle facets. 
Relative motion between particles is decided by solvent-mediated short-ranged 
lubrication interactions. With relative motion hydrodynamics of solvent flow in the thin 
solvent layers coupled with elastic deformation of the particles govern the packing 
dyanmics. In the following, constant shear rate simulations of three-dimensional, 
periodically replicated, amorphous packings of elastic spheres interacting via pair-wise 
elastohydrodynamic lubrication (EHL) interactions are described.  
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5.2.1 ELASTOHYDRODYNAMIC LUBRICATION INTERACTIONS 
Consider two neighboring elastic spheres α and β as depicted in figure 5.2, 
centered at positions xα and xβ and translating with velocities uα and uβ respectively. The 
particles are compressed against one another because of the net compressive pressure 
(osmotic pressure pi) in the system.  
Figure 5.2: Schematic of two neighboring spheres α and β moving past 
one another. The spheres are elastically deformed due to osmotic pressure 
pi of the system. Relative motion is assisted by the solvent film in the gap 
of thickness δ.  
Elastic Resistance to Deformation 
Every particle in the system experiences a normal elastic resistance force at 
contact with its neighbors. If aα and aβ are the particle radii then the magnitude of the 
deformation distance normal to the contact plane is given by particle-particle overlap 
distance  
δ 
2
 
α 
uβ 
uα 
 β 
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 h a aαβ α β αβ= + − r , (5.1) 
where αβ α β= −r r r  is the position of α with respect to β. The solvent layer thickness δ is 
usually much smaller than the average overlap distance [Meeker et al. (2004b) and Seth 
et al. (2008)] and is assumed to be negligible in equation (5.1).  
The elastic force between two compressed spheres can be estimated using the 
Hertz theory [Johnson (1985)] as 
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Here αβ αβ⊥ =n r r  is the unit vector normal to the contact plane and 
( )c i j i jR a a a a = +   is the contact radius. The elastic contact modulus 
( )22 1E E ν∗ = − , where E is the Young’s modulus and ν = 0.5 is the Possion’s ratio of 
the non-compressible spheres. Hertz theory is based on the assumption that the spheres 
are linear elastic and that the particles are only slightly deformed. The above estimate 
[equation (5.2)] is exact for deformations of up to 10% of the particle radius and is 
reasonably accurate (error less than 10%) for deformations of up to 15%. From the 
simulations described in Chapter 4 it is clear that the particle-particle overlap seldom 
increases beyond 10-15% and we initially assume that this is also true for sheared 
systems.  
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Lubrication and Gap Dynamics 
For particles in the suspension to flow in response to an applied shear, they must 
press and slide past their neighbors. Relative motion of particles is dominated by the lift 
and drag forces generated during lubrication flow of solvent between the flattened 
particle facets (as shown in figure 5.2). The lift force nαβf  balances the elastic resistance 
of the particles n Hzαβ αβ=f f  and in turn sustains the solvent layer and the drag controls 
sliding of particles. Lian et al. (1996) have solved a similar problem of two elastic 
spheres colliding head-on in a suspended fluid. They approximated the shape of the 
lubricated gap and equated the viscous lift force and the Hertz force to calculate the 
variation of gap height, and the net force experienced by the particle and the drag force 
during the collision.  
A similar approach has been adopted here for particles sliding over one another. 
By solving for the gap height and the drag generated by one particle sliding over another 
fixed particle, it was found that the gap height does not vary much during contact. The 
average gap height δ  followed a power law increase with the relative velocity parallel to 
the gap 0.5
,αβu  . The same scaling is predicted from EHL equations for an elastic particle 
sliding near a plain wall [Meeker et al. (2004a)]. Since it is computationally expensive to 
follow the gap dynamics of every contact in the system, a quasi-static approximation is 
used for the gap height variation so that the gap height is equal to the average value 
estimated from scaling analysis of the elastohydrodynamic lubrication equations as  
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where η  is the solvent viscosity. The drag exerted on the particles due to flow of the 
solvent is  
 ( )1/2*,EHL c oE R hαβ αβη= −f u n  , (5.4) 
where 
, ,αβ αβ=  n u u  is a unit vector in the plane of contact and parallel to the relative 
velocity between particles. Note that equations (5.3) and (5.4) are only approximate 
estimates of δ and EHLαβf   and exact solutions of the elastohydrodynamic lubrication would 
only modify O(1) constant pre-factors.   The scaling arguments leading to expressions 
(5.3) and (5.4) are detailed in Appendix 5.A.  
5.2.2 SUSPENSION MODELING  
Consider N elastic spheres suspended in a solvent of viscosity η in a cubic box of 
size L. Suspensions of monodisperse and 10% polydisperse particles were studied. The 
solids packing fraction is φ 3 34 3ma Lpi= , where am is the mean particle radius. In the 
suspension, motion of every particle is hydrodynamically coupled to that of the solvent, 
its immediate neighbors, and of other particles in the system. Here the equations of 
motion for a dense packed suspension sheared at a constant shear rate are presented 
followed by a discussion of the boundary conditions across the periodic box.  
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Particles Equations of Motion 
The Langevin equation for a non-diffusive suspension of N particles is  
 
P Hd
dt
⋅ = +
V
m F F , (5.5) 
where m is a 3N x 3N mass matrix and V is the particle velocity vector of length 3N. In 
this initial model only the translational motion of the particles is considered and the 
rotational velocities and torques are not included in the velocity and force vectors. The 
Brownian contributions to the equations of motion have been neglected as the Peclet 
number ( )36Pe a kTpiη γ= ɺ  for the suspension is very large owing to the high particle 
concentration.  FH and FP are force vectors (length 3N) and account for hydrodynamic 
and Hertzian forces experienced by the particles. The inter-particle force vector FP is a 
summation of the elastic resistance [given by equation (5.11)] acting on the particle from 
each contact. Due to high density of the suspensions under consideration, it is safe to 
assume that the net hydrodynamic force on the particles is dominated by the EHL drag 
force and that the long-range hydrodynamic interactions are negligible. Thus, the 
hydrodynamic contribution H EHL S= +F F F  includes only the elastohydrodynamic drag 
fEHL [from equation (5.4)] and a Stokes drag Sαf  due to motion relative to the solvent  
 ( ) ( )
6
,
S sa
f
α
α α α
piη
φ
∞
= − −f u u  (5.6) 
where α
∞u  is the bulk velocity of the suspension at the center of particle α given by 
α α
∞ ∞
= ⋅u G r , where ∞G is the velocity gradient tensor in the bulk and rα is the location of 
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the particle. For a simple shear flow at rate γɺ , ( )x yα αγ∞ = ⋅u r n nɺ , where xn  and yn  are 
the flow and gradient directions respectively. f(φ) is a drag correction that accounts for 
the reduced mobility due to high concentration of particles.  
Using equation (5.5) and force expressions (5.2), (5.4), and (5.6), particle 
velocities and trajectories were computed for an applied shear rate γɺ .  
Boundary Conditions 
Across the three-dimensionally periodic, cubic box of length L, continuity of 
shear rate γɺ  and shear strain tγɺ  must be ensured at the boundaries between the box and 
its periodic images in the gradient (y) direction. Hence the sliding-brick boundary 
conditions proposed by Lees and Edwards (1972) are used with equation (5.5). According 
to this algorithm, influence of shear on the periodic images is taken into account by 
shifting the periodic images in the positive and negative gradient direction as per the bulk 
shear rate (as shown in figure 5.3). The flow coordinate (x) of every image particle 
,i xr′  in 
the y-direction is shifted by the strain ( )tγɺ  of the system  
( )x x t Lγ′ = +r r ɺ , 
where L is the box-length. The flow direction velocities 
,i xu  of the same particles are 
shifted using the shear rate γɺ  as 
x x Lγ′ = +u u ɺ . 
Similar corrections are used for particles that cross the lower and upper y boundaries 
during the course of a simulation.  
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Figure 5.3: Illustration of the Lees and Edwards sliding-brick algorithm. 
The particle image positions and velocities in the y-direction are corrected 
using the shear strain ( )tγɺ  and shear rate γɺ , respectively.  
5.2.3 NON-DIMENSIONALIZATION  
To identify key dimensionless groups the model equations were non-
dimensionalized using the following characteristic length Lc and velocity Vc scales  
 0 0,m mL a V a τ= = , (5.7) 
where am is the mean particle radius and τ is the time scale. The particle radii and 
position vectors are scaled using the mean particle radius am. There are two time scale 
choices for a sheared suspension – the viscoelastic relaxation time of the particle *Eη , 
which is a ratio of the solvent viscosity to the particle modulus; and another time scale 
1 γɺ  which is the inverse of the applied shear rate. In Appendix 5.B the scaled equations 
of motion are derived using both time scales. The equations are similar and the two key 
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z 
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parametric groups are the non-dimensional shear rate *Eλ ηγ= ɺ  and the volume fraction 
of the undeformed particles φ (or the simulation box size L).  
Since equations for *Eτ η=  and 1τ γ= ɺ  are similar, test runs were performed 
for both and the results were compared. It was found that shear stresses calculated using 
both time scales were same over the entire range of shear rates studied. However 
simulation results for 1τ γ= ɺ  were noisy at lower shear rates ( )* 610Eηγ −<ɺ  and 
required very small time-steps (close to accuracy limits of the processor) making it 
difficult to reach steady state. Since it was more difficult to achieve convergence at low 
shear rates a characteristic time equal to the particle relaxation time *Eτ η=  was chosen 
for this study. 
Negligible Inertia  
For the range of particle sizes and shear velocities studied, the Reynolds number 
( )2Re maρ γ η= ɺ , which is a ratio of the inertial to the convection terms in equation (5.5) 
is very small. For typical microgel pastes and compressed emulsions that fall under the 
umbrella of SPPs, 310  Pa-sη −≅ , 3 310  kg/mρ ≅  and 710 mma −≅  and the measured shear 
rate range between 9 3 -110  and 10  sγ −≅ɺ , and Re << 1. The ratio 2 2 *ma Eρ γɺ  of the inertial 
forces to the inter-particle elastic forces (E*R2) is also very small. Hence the inertial term 
on the left hand sided of equation (5.5) can be neglected and the equations of motion sans 
the inertial term become   
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 ( ), ( )P H+ =F u x F x 0 . (5.8) 
The above equations were solved to obtain particle velocities and positions using the 
Verlet integration algorithm [Rapaport (2004)].  
 
5.3 Constant Shear Rate Simulations  
5.3.1 SETUP 
SPPs are modeled as amorphous packings of 310N =  elastic spheres. The initial 
disordered packings at the desired packing fractions were prepared as per the procedure 
described earlier in Chapter 4 (see page 102). Constant shear rate simulations were 
performed using the open source LAMMPS code [Plimpton (1995)]. The package 
routines were modified to incorporate zero-inertia equations of motion and Lees-Edwards 
boundary conditions. Beginning with a disordered packing at rest, it was sheared at a 
constant (non-dimensional) shear rate *Eγηɺ . The systems were considered to have 
reached steady state if the average shear stress would not evolve more than 5% over half 
a strain cycle.  
Six packing fractions between 0.65 to 0.9φ =  were studied. Simulations were 
performed at non-dimensional shear rates *Eγηɺ  between 10-9 and 10-3 which correspond 
to the ( )oGγηɺ  between 10-8 and 10-2. Experimental data is available for shear rates as 
small as 1210oGγη −=ɺ  up to 10-3, but simulating the lowest shear rates required very 
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long run-times which were prohibitive. Moreover a yield plateau begins to form at 
( )oGγηɺ  between 10-7 and 10-6 and is well within the range of these simulations.  
For every ( λ , φ) combination, the steady state shear stress and the normal stress 
differences were calculated at regular time intervals. The non-dimensional stress tensor 
*Eσ is given by the Kirkwood formula [Larson (1999)] 
 
*
1 N N
ij ij
i j iE V >
= − ∑∑R F
σ
, (5.9) 
where Rij = Rj - Ri  are the relative particle position vectors scaled with the average 
particle radius am.  Fij is the force (in units of * 2mE a ) exerted on particle i by the 
neighboring particle j. The y-x component of the stress tensor σyx is the shear stress 
generated in the suspension. The first and second normal stress differences N1 and N2 are 
computed from normal stresses in the x-x, y-y and z-z directions as  
 
1
2
,  and
.
xx yy
yy zz
N
N
= −
= −
σ σ
σ σ
 (5.10) 
In addition, the elastic and viscous contributions to the stress tensor were calculated 
separately. At steady state, the shear and normal stresses were averaged over time and 
standard deviation was calculated to quantify the error margins. 
5.3.2 SIMULATION RESULTS  
Here sample variations of the shear and normal stresses over the course of a 
simulation are presented followed by the steady state shear stress and normal stress 
differences computed for different packing fractions and at varying applied shear rates.  
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Approach to Steady State 
Figure 5.4: Evolution of shear ( yxσ , plot a) and normal ( , , and xx yy zzσ σ σ , 
plot b) stresses, and the normal stress differences ( 1 2 and N N , plot a) 
during a typical simulation. The stresses, normalized by the particle elastic 
modulus *E  are plotted as a function of the shear strain. Data is presented 
for monodisperse packing at 0.9φ =  and * 410Eλ ηγ −= =ɺ .  
Figure 5.4 shows the variation of shear and normal stresses with the shear strain 
tγ γ= ɺ . The shear stress increases initially reaches a maximum and then reduces to a 
constant value. The normal stresses σxx, σyy, and σzz, exhibit a similar response to the 
applied shear but the components of the normal stresses are not equal. Stresses in the 
flow (x-x) and vorticity (z-z) directions are less negative than the normal stress in the 
gradient direction (y-y) i.e.,  xx yyσ σ>  and zz yyσ σ> . Thus the normal stress differences 
N1, N2 [defined in equation (5.10)] are non-zero; the first normal stress difference is 
positive and the second is negative. Note that the difference between σxx and σyy is 
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comparable to that between σyy and σzz and the differences are approximately equal and 
opposite. That xx xx yyσ σ σ≈ >  and 1 2N N≈ −  is indicative of film-fluid behavior 
predicted by Larson (1996) for foams, emulsions and blends under shear.  
Monodisperse versus Polydisperse  
Shear simulations of packings of monodisperse elastic spheres exhibited 
interesting behavior at low shear rates. It was found that when sheared at a very low shear 
rate for sufficiently long times, monodisperse packings began to crystallize and form 
pockets of ordered particles. The packing then appeared like a fractured or imperfect 
crystal that is composed of ordered grains (see figure 5.5b). Inception of ordering features 
in macroscopic measurements through large fluctuations in stress as shown in figure 5.5a. 
Similar behavior has been observed in low shear rate experiments on colloidal 
suspensions of monodisperse hard-spheres [Ackerson and Pusey (1988) and Haw et al. 
(1998)]. At very low shear rates, inter-particle forces are larger than viscous shear forces. 
The applied shear gradient deforms the packing only slightly. Under these conditions the 
particles can rearrange according to the dominating Hertzian forces thus exploring low 
energy configurations to form locally ordered structures.  
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Figure 5.5: Crystallization of monodisperse systems at low shear rates. In 
plot a shear stress normalized by E* is plotted versus shear strain for 
suspensions of monodisperse and 10% polydisperse particles. The packing 
fraction is 0.9φ =  and the non-dimensional shear rate is * 610Eηγ −=ɺ . At 
low shear rates the packing rearranges to form a fractured crystal-like 
structure (shown in the image b on the right). Crystallization or ordering 
manifests as large fluctuations in the shear stress. Simulations of packings 
of 10% polydisperse particles do not exhibit ordering or crystallization.  
Crystallization at low shear rates was suppressed upon introduction of 10% 
polydispersity in the particle sizes. This mild polydispersity is similar to that in microgel 
pastes and compressed emulsions. For systems of polydisperse particles there is no trace 
of ordering for any of the ( λ ,φ) combinations. This was confirmed from radial and 3-
dimensional pair distribution functions of the steady sheared configurations. Introduction 
of polydispersity inhibits crystallization at low shear rates. Since we are interested in the 
shear rheology of disordered systems, any kind of crystallization or fracture was 
undesirable and so packings of polydisperse particles were studied in greater detail.  
(a)  
Onset of crystallization 
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Steady State Flow Curve 
Figure 5.6: Steady state shear stress yxσ  versus the applied shear rate γɺ  
calculated for polydisperse packings at different densities φ. The stress and 
shear rate data are plotted in non-dimensional units scaled with the particle 
modulus E* and the inverse relaxation time *Eη . Elastic eyxσ and viscous 
v
yxσ  contributions to the shear stress are shown. The total stress is 
dominated by the elastic part except for the highest shear rates.  
Predicted variation of shear stress with shear rate is similar to the Hershel-Bulkley 
form observed in experiments. Flow curves of suspensions of 10% polydisperse particles 
at different packing densities φ are shown in figure 5.6. Shear stress approaches a 
constant yield value at low shear rates and a power-law increase with the applied shear 
rate. As expected for the viscous shear stress, it scaled with the shear rate raised to a 
 157 
power of 0.5≅ . Interestingly the shear stress is almost always dominated by the elastic 
contribution eyxσ . The viscous component 
v
yxσ  is much smaller and has a negligible 
influence on the total shear stress.  
Normal Stress Differences 
Figure 5.7: First (N1) and second (N2) normal stress differences scaled 
with E* versus the non-dimensional shear rate *Eγηɺ  for different 
packing fractions φ. N1 > 0 and N2 < 0; N1 and –N2 increase with the 
applied shear rate. 
The first and second normal stress differences, N1 and N2, computed at steady 
state are plotted in figure 5.7. The normal stress differences exhibit two interesting points. 
First, the two are nearly equal and opposite i.e., N1 ~ -N2. Second, the normal stress 
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differences (N1 and –N2) increase in magnitude with the applied shear rate and also 
exhibit a power-law dependence on the shear rate. Like for shear stress, normal stress 
differences are always dominated by the elastic contribution. In fact the viscous part 
(shown in the inset) is at least an order of magnitude smaller than the total or elastic part.  
5.3.3 SCALING WITH PASTE MODULUS GO  
Figure 5.8: Shear stress calculated for suspensions of monodisperse and 
10% polydisperse particles scaled with the paste shear modulus Go (in 
place of the particle modulus E* in figure 5.5). Data for different packing 
fractions φ  collapse on a single curve. The black line in the plot shows the 
Herschel-Bulkley equation ( )( )0.450.018 0.44o oG Gσ γη= + ɺ that best fits 
the simulation results. The yield stress is 0.018 Go.  
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For the EHL model, it was convenient to non-dimensionalize forces and stresses 
using the particle modulus E*. However E* is a particle quantity and it does not account 
for the influence of the packing density and disorder on elasticity of the bulk material 
which is more appropriately measured by the paste modulus Go. From simulations of 
quasi-static deformations of Hertzian particle packings (presented earlier in Chapter 4), 
Go/E* for the different packing fractions are known (see figure 4.5). Results for shear and 
normal stresses rescaled using Go/E* have been plotted in figures 5.8 and 5.9, 
respectively.  
When scaled with Go shear stresses for various packing fractions collapse together 
(as shown in figure 5.8) and exhibit a Herschel-Bulkley-like behavior: a yield stress at 
low shear rates and power-law with exponent n = 0.5 at high shear rates. The yield stress 
σy for the different packing fractions (the lowest measured shear stress in the figure) is 
approximately 2% of the paste modulus. 
Normal stress differences for the different fractions φ  also collapse when scaled 
with Go.  The solid line in figure 5.9 shows that N1 and −N2  follow a power-law increase 
with the shear rate with a slope of approximately 0.5 (just like the shear stress). It is 
interesting that the exponent of ½ appears in both shear stress and normal stress 
differences even though neither is dominated by the elastohydrodynamic drag.  
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Figure 5.9: Normal stress differences scaled by paste shear modulus Go 
versus shear rate scaled by ( )oG η . N1 and N2 for the different packing 
fractions φ  are collapsed together and solid line marks the power law 
dependence with slope close to  ½ .  
 
5.4 Comparison of Simulations with Experiments  
The EHL simulations were evaluated by comparing predictions for shear rheology 
of Hertzian packings with experimental data for concentrated microgel suspensions and 
compressed emulsions.   
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5.4.1 EXPERIMENTAL MEASUREMENTS  
Flow curves for microgel pastes and compressed emulsions sheared between cone 
and plate geometries were obtained from Dr. Michel Cloitre, some of which have been 
published in Cloitre et al. (2003) and have been discussed earlier in §5.1.  
The simulation results inspired normal stress measurements that were performed 
by Locatelli (2008). Experiments were performed using emulsions of silicone oil in 
aqueous phase prepared with a non-ionic Triton X-100 surfactant. The continuous 
aqueous phase was either water-surfactant ( 1.3 mPa-sη = ) or water-glycerol-surfactant 
( 7.9 mPa-sη = ). The average droplet size was 1 µm. Normal force measurements were 
made on a Physica MCR501 stress-controlled rheometer using roughened cone-plate 
geometries [50 mm diameter; 2° angle; roughness 5 µm (cone), and 30 µm (plate)]. 
Before each loading the normal force was reset in measuring position.  
The results for the normal stresses measurements are presented in figure 5.10 and 
these confirm that indeed for SPPs  the first normal stress difference increases with the 
shear rate. Pastes with high particle densities and more viscous solvents exhibit larger 
normal stresses. As shown in plot 5.10b, normal stresses measured experimentally also 
collapse when stress is scaled with the yield stress yσ  and shear rate is scaled with 
( )/oG η . In addition the normal force (or normal stress difference) increases as 0.45γɺ  
which is similar to the power-law behavior observed for shear stresses.  
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Figure 5.10: (a): First normal stress difference N1 measured for emulsions 
of silicon oil in aqueous medium versus the applied shear rate. Different 
symbols indicate varying disperse phase packing fractions φ  and solvent 
viscosities η . (b): Normal force versus shear rate data for different φ  and 
η  collapse together when scaled with the yield stress and time scale 
oGη . The solid line has a slope of 0.45 and marks power-law 
dependence of normal stress on shear rate.  
5.4.1 COMPARISON BETWEEN SIMULATIONS AND EXPERIMENTS  
Here shear stresses and normal stress differences predicted by simulations are 
compared with experimental data. The shear stress is scaled with the yield stress value. 
This is the smallest plateau stress measured in figure 5.9. The normal stress differences 
are also scaled similarly. The experimental data for flow curves of microgel pastes, 
compressed emulsions and diblock copolymer micellar solutions are obtained from figure 
5.1. A universal flow curve ( ) ( )121y oK Gσ σ ηγ= + ɺ  which is fit to the shear stress data 
from is also prepared. Normal stress data for compressed emulsions are taken from figure 
(a) (b) 
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5.10b. In figure 5.11 shear stresses and normal stress differences calculated from 
simulations of elastic particles (colored symbols) are plotted along with the experimental 
data (black symbols in the plot). There is qualitative agreement between the simulation 
results and the experiments: shear stress results exhibits a low shear rate plateau and 
slope 12≅  at high strain rates; the first normal stresses measured experimentally and 
predicted by simulations scale with shear rate raised to a power of  12≅ . However the 
simulation results are shifted from the experiments and stress is underestimated by at 
least an order of magnitude.  
Shear stress and normal stress differences predicted by simulations of Hertzian 
particle suspensions do not match the experimental data. However qualitative agreement 
with experiments and clear collapse of the simulation results when scaled with paste 
modulus indicate that simulations did capture some of the underlying physics correctly. 
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Figure 5.11: Comparison between shear stress (plot a) and normal stresses 
(plot b) from simulations and experimental data from Cloitre et al. (2003) 
and Locatelli (2008). Filled symbols are the simulations and black hollow 
symbols represent experiments. The red curve in plot a shows a fit to the 
experimentally observed universal shear rheology and in plot b marks the 
best fit to the normal force measurements for compressed emulsions. 
(a) 
(b) 
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Whatever the cause of the disparity between the simulations and experiments, it 
must influence the contribution of the elastic component of the stress. It is known that the 
shear stress and the normal stress differences are almost always dominated by elastic 
contributions (from figures 5.6 and 5.7). It seems that underestimation of the elastic force 
might be at the source of the discrepancy. This possibility is supported by the plot of 
particle compression measured during simulations (figure 5.12) at different shear rates. 
Figure 5.12: Particle deformation at different applied shear rates. The 
average (red) and maximum (blue) compression distances scaled by the 
mean particle radius are plotted as a function of the non-dimensional shear 
rate.   
As can be seen, the maximum overlap was as much as 50% for the highest shear 
rates. At such high compressions Hertzian estimated do not hold. Hertz theory requires 
that the material be linear elastic i.e., the strain components are directly proportional to 
the stress components. The linearly elastic (or Hookean) regime is usually valid for small 
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deformations. Since at high compressions most materials exhibit a non-linear relationship 
between the stress and strain components. Hence, Hertz theory would not be applicable 
for most real materials that are compressed up to 50% of the particle size (which was the 
highest particle compressions observed during the simulations). Liu et al. (1998) have 
measured the elastic force required to compress single elastomeric spheres between two 
flat plates. They find that estimates from Hertz theory are exact for compression distances 
less that 10% of the particle radius. At higher levels of loading theory estimates of the 
compressive force ( )3/2~ oh  were significantly smaller than those measured 
experimentally. This indicates that perhaps discrepancy observed between simulations 
and experiments in figure 5.11 might be due to underestimation of particle-particle 
interaction. 
Assuming the Mooney-Rivlin law of non-linear elasticity, Liu et al. calculated the 
elastic force required to compress different sized spherical particles. Their calculations 
predict higher elastic resistances at large compressions and agree quantitatively with the 
experimental findings. Though accurate, equation set obtained using the Mooney-Rivlin 
law is complicated and a simple scaling relationship between the shear stress and 
compression distance cannot be derived. Instead they propose an empirical rule for 
estimating the elastic force: between 10% and 20% the elastic force increases as 3~ oh ; 
and beyond 20% (and up to 60%) compression the elastic resistance varies as 5~ oh . These 
estimates have been plotted in figure 5.13. From figure 5.13 we see that for the highest 
compressions (40%) observed in the simulations the Hertz theory estimate is off by close 
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to two orders of magnitude. It must be noted that this law is applicable specifically for 
elastic spheres. However we know that both microgel particles and emulsion droplets 
must exhibit a similar increase in the normal resistance to deformation. A large 
compression of a microgel particle for instance would bring charged cross-links closer 
and cause an increase in the osmotic pressure of Na+ cations and lead to stiffer particles.  
Figure 5.13: Comparison between estimates of the elastic force from Hertz 
theory and those found by Liu et. al (1998). Resistance to deformation of 
an elastic sphere increases as ~ h3 beyond 10% overlap and as h5 beyond 
20% overlap.  
In light of the arguments presented above it is clear that Hertzian model is not 
sufficient for studying the shear rheology, especially at the high shear rates. In the 
absence of a better estimate of the deformation force for elastic spheres empirical 
relations proposed by Liu et al. (1998) were employed here. According to this, the 
normal pressure acting between two neighboring particles in the suspension is 
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where, ( )c3 , 1     h /R 0.1,2 on C= = <  
( )c3, 32    0.1 h /R 0.2,  andon C= = < <  
( )c5, 790  0.2 h /R 0.6.on C= = < <  
The constants C were estimated using force continuity conditions at 10% and 20% 
overlap.  
Note that the ½ power derived from elastohydrodynamics is insensitive to the 
normal force law and the exponent in equation 5.11. For any coefficient n of the elastic 
force [equation (5.11)], the elastohydrodynamic drag force is  
 ( )
( )0.5 0.5
1/2
* 3
,
n
EHL o
c
c
hC E R
Rαβ αβ
η
+
 
= −  
 
f u n
 
. (5.12) 
Thus changing the exponent only affects the dependence on compression ratio. 
 
5.5 Simulation Results Assuming Nonlinear Elastic Behavior  
5.5.1 STEADY STATE FLOW CURVE AND NORMAL STRESSES 
In the following steady state flow curves calculated for suspensions of 10% 
polydisperse spheres using the new pair-wise force formulation [equation (5.11)] are 
presented.  
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Figure 5.14: Steady state flow curves for different packing densities φ 
predicted for a suspension of nonlinear elastic spheres. The stress and 
shear rate data are plotted in non-dimensional units scaled with the particle 
modulus E* and the inverse relaxation time *Eη . Elastic (filled ○) and 
viscous (filled □) contributions to the shear stress are shown. ∆ symbols 
mark the total shear stress. The total stress is almost completely 
determined by the elastic part. Error bars are one standard deviation long.  
Flow curves computed using the new pair-wise force formulation (figure 5.14 
above) are similar to those obtained for Hertzian particles (in figure 5.6) – a Herschel-
Bulkley form with yield stress and slope of approximately half at high shear rates. The 
stress is entirely determined by the elastic part of the stress and the viscous portion is 
always negligible. The total shear stress was now slightly greater than that predicted by 
the Hertzian model.  
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Figure 5.15: First (N1) and second (N2) normal stress differences scaled 
with E* versus the non-dimensional shear rate *Eγηɺ  for different 
packing fractions φ. N1 > 0 and N2 < 0; N1 and –N2 increase with the 
applied shear rate. Error bars (plotted only on the top side) indicate 
variation in the simulation results.   
As in the previous simulations the normal stresses are non-zero. N1 ~ -N2 and 
increase with the applied shear rate as per a power-law with exponent 0.5≅ . Again 
magnitudes of N1 and N2 are much smaller than the mean normal stress and the shear 
stress and the normal stresses are but small perturbations in from mean normal stress. The 
particle-particle overlap plotted below in figure 5.16 is slightly smaller than that observed 
during previous simulation of Hertzian particles (see figure 5.12). Note that because of 
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the large elastic repulsion higher overlaps now contribute more to the total shear and 
normal stresses in the system. 
Figure 5.16: Particle deformation measured at steady state for simulations 
performed using improved non-linear elastic estimates of the normal force. 
The average (red) and maximum (blue) deformation scaled by the mean 
particle radius is plotted as a function of the non-dimensional shear rate.   
 
5.5.2 DISCUSSION AND COMPARISON WITH EXPERIMENTS 
As described previously in 5.4.1, results of the simulations were rescaled by Go, 
which is known for the different packing densities from the computations in Chapter 41. 
The yield stress σy (plateau stress value at lowest shear rates) lied within 1% to 5% of the 
paste modulus Go. The shear and normal stresses were scaled by the yield value and the 
                                                 
1
 Note that the shear modulus calculations were performed for Hertzian spheres. The elastic resistance law 
used here is exactly Hertzian up to 15% overlap and changes by up to 10% beyond that. Go values 
calculated in Chapter 4 must still be applicable.  
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shear rate by the time scale ( )s oGη . Comparison for both shear and normal stresses are 
shown in figure 5.17. For better readability of the plots, only the best fit (black solid 
lines) to the experimental results are shown.  
Good agreement is observed between the new simulation results and the 
experimental flow curve. In figure 5.17a,  simulation results exhibit a distinct plateau that 
matches the experimental data. The simulation data slightly over-estimate the shear 
stresses at the largest shear rates. However given that these estimates are obtained using 
only approximate pairwise lubrication interactions the agreement between the 
experiments and the simulations is very good. 
The first normal stress differences N1 predicted by the simulations agree very well 
with the experimental data (marked by the line in figure 5.17b). The simulations predict 
that normal stress differences also plateau at low shear rates indicating that normal 
stresses in the x, y, and z directions and the paste microstructure do not vary appreciably 
with the applied shear rate. The average threshold value observed in the simulations is 
close to 0.1 yσ . There is not enough experimental data to verify this as the smallest 
experimental points reported here are already close to the measurement accuracy of the 
rheometer. Overall, correct pair wise interaction form was crucial for accurate predictions 
of the shear rheology. 
It is apparent that indeed the dynamic relaxation time and the yield stress both 
depend on the paste modulus. This indicates that not only Go is a suitable gauge for the 
solid-like character, it also determines the shear rheology. While a true measure of the 
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material stiffness must be the osmotic pressure pi (the mean normal stress which 
combines the effect of the particle modulus E* and the packing density φ) of the material, 
we already know Go ~ pi and hence it is not surprising that the results obtained for 
different particle densities scaled with Go. This is consistent with experimental data that 
exhibits an excellent correlation with the paste. 
The simulations with pairwise EHL interactions capture the non-linear rheology 
of soft particle pastes but contradict the initial conjecture that the EHL mechanism must 
be at the source of half power. Instead contribution of the elastohydrodynamic forces to 
the shear stress is negligible and the elastic contribution is negligible. Interestingly the 
dominating elastic stress also increases with the shear rate raised to a power of half. 
Since the elastic stress must depend on the amount and distribution of overlap in 
the suspension, either one or both of these factors and their contribution to stress must 
lead to the observed ½ power with the shear rate. The origin of the elastic stress and 
influence of applied shear rate on the steady state suspension microscopic structure are 
studied in the next section.  
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Figure 5.17: Comparison of the simulation results against the experimental 
flow curve from Cloitre et al. (2003) and normal stress data from Locatelli 
(2008). Filled symbols are the simulation results and solid lines are best 
fits to the universal shear rheology curve (in plot a) and the first normal 
stress differences (in plot b). The predictions for –N2 (filled circles) are 
also shown in plot b. 
(a) 
(b) 
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5.6 Structural Analysis 
Pair distribution of the unsheared isotropic packing is a function of only the radial 
distance r between particles and was discussed in Chapter 4. Shearing must bring about 
systematic changes in the suspension microstructure. This and contribution of the 
microstructural changes to the shear stress and normal stress behavior are studied here.  
5.6.1 DYNAMIC PAIR CORRELATION FUNCTION  
For the non-isotropic configurations generated during shearing, a dynamic radial 
distribution function and a three-dimensional pair distribution function g(r, θ, Φ) were 
calculated as  
 ( ) ( )
1 1,
1 1 N N
ij
i j j i
g
V
δ
ρ
= = ≠
= −
∆ ∑ ∑r
r r r , (5.13) 
where ρ = N/V is the particle number density and ( )2 sinV r rθ∆ = Φ∆Φ∆ ∆r  is the bin 
volume and ( )δ  is the delta function.  Also, we know that the total stress is dominated 
by the elastic force contribution ( )ef r , which is radially symmetric and known for two 
particles in contact at distance r apart.  Given the dynamic pair distribution function 
( )g r  is known then the elastic stress tensor eσ  can be calculated using the pair-wise 
interaction potential between particles as  
 ( ) ( )
2
2
e ef r g d
r
ρ
= ∫
rr
σ r r , (5.14) 
where the integration limits include only radial distances smaller than particle diameters 
as the elastic force is zero for larger distances.  
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5.6.2 INFLUENCE OF SHEAR ON SUSPENSION MICROSTRUCTURE  
Radial Distribution Function  
Though shearing renders the microstructure anisotropic it is still useful to 
calculate radially averaged distributions g(r). In figure 5.18, g(r) at steady state is shown 
for varying applied shear rates. The steady state radial distribution function does not 
change much up to a shear rate of 10-6. This indicates that shearing only induces an 
angular redistribution of neighboring particles which is verified later in figure 5.20. At 
larger shear rates the first peak shifts towards smaller radii and the average particle-
particle overlap is higher. These are qualitatively consistent with the overlap calculations 
in figure 5.16.  
3D Pair Distribution Function 
The angular distribution of particles is evident for the three-dimensional pair 
correlation function computed using equation (5.15). In figure 5.19 contour plots of g(r) 
on the flow-gradient (x-y), flow-vorticity (x-z) and gradient-vorticity (y-z) planes are 
presented for *Eηγɺ = 610− . Asymmetry of the particle distributions is evident. In the x-y 
plane, for example, there are more particles in the compression direction than otherwise. 
But it is difficult to clearly indentify variations of either the overlap or the distortion due 
to the spread in the first peak because of polydispersity of the particles.  
Because of varying particle sizes, distribution functions for polydisperse samples 
exhibit a spread which renders it difficult to use the pair distribution function for 
calculating the shear stress and the normal stress differences using equation (5.14). 
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Figure 5.18: The dynamic radial distribution function g(r) calculated for 
sheared polydisperse packings at steady state. The packing fraction is 
0.8φ = . The full g(r) is plotted in part a and plot b concentrates on the 
first neighbor peak.  
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Figure 5.19: Contour plots of steady-state particle distribution function in 
the flow-gradient (a), flow-vorticity (b) and gradient-vorticity (c) planes. 
The shear rate is *Eηγɺ = 610− . Red regions in the contours indicate high 
particle concentration and dark blue parts have fewer particles. The white 
line marks the mean pair distance obtained from figure 5.12. 
Polydisperse Systems 
To circumvent the problem of spread in g(r) due to polydispersity a modified pair 
distribution function ( )g ′r was computed:  
(b) (c) 
(a) 
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 ( ) ( ) 3
1 1,
1 1 N N
ij m
i j j i
g a
V
δ
ρ
= = ≠
 ′ ′ ′= − ∂ ∑ ∑r
r r r , (5.15) 
where for every pair ij ij ma′ =r r  is the position vector rij scaled by the mean pair radius 
( )0.5p i ja a a= + *. Now with the scaled particle-particle radial distance, the point of 
contact for all pairs in the suspension is at 2ij′ =r  irrespective of the size of the particles.   
The modified 3d pair distribution function computed using equation 5.15 at 
different shear rates are shown in figure 5.20.  Contour plots of g(r′) along the flow-
gradient (x-y), flow-vorticity (x-z) and gradient-vorticity (y-z) planes are presented. At the 
smallest rate (close to the yield stress) there is only a small discernible angular variation 
of ( )g ′r  along the three planes. At higher shear rates the first peak shifts towards the 
center. Also evident is a distortion of ( )g ′r  in the x-y plane. At even larger shearing 
speeds the particles tend to align next to one another in the flow direction which is shown 
by the dark red regions along the x-axis.  
                                                 
*
 The normalization condition was modified by a factor 3pa  to account for change in the actual bin volume. 
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Figure 5.20: Contour plots of the pair distribution function in flow-
gradient (x-y) (top row), gradient-vorticity (y-z) (middle row), and flow-
vorticity (x-z) (bottom row) planes. From left to right plots are presented 
for non-dimensional shear rates *Eηγɺ = 410− 6,  10−  and 810− . The white 
circle is a sphere of radius equal to the mean overlap between a pair of 
particles. Red and blue regions on the plots indicate higher and lower 
probabilities of finding other particles near a particle located at the center.  
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From contour plots of ( )g ′r  in the x-y (shear) plane (first row in figure 5.20) two 
effects are observed. With increasing shear rate pairs begin to accumulate along the 
compression axis and deplete along the extension axis. Second, the first neighbor peak is 
distorted so on average particles are more deformed along the compression axis than 
along the extension axis. Both these effects together must lead to the observed increase in 
shear stress with the shear rate. Since there is no evident asymmetry in the x-z and y-z 
planes, other non-diagonal parts of the stress tensor i.e., xzσ  and yzσ  must be zero, which 
agrees with the results of the simulations.  
The normal stress differences arise due to unequal normal stresses or unequal pair 
distributions along the x, y and z axes. In the contour plots of ( )g ′r  in the x-y plane (first 
row in figure 5.20) it is evident that at higher applied shear rates more particles 
accumulate along the x-axis than along the y-axis. Hence xxσ  must be greater than yyσ  
(same as that reported in figure 5.4b) which explains the positive first normal stress 
differences, 1 xx yyN σ σ= −  observed in the simulations. A similar argument must hold for 
the second normal stress difference, 2 yy zzN σ σ= − . A negative N2 suggests accumulation 
along z-axis and depletion along the y-axis. That this is indeed the case is not apparent 
from the contour plots in the second and third rows in figure 5.20.  
Another interesting point in figure 5.20 is that as the shear rate increases the first 
neighbor peak shifts to smaller radii. This combined with more pronounced 
accumulation-depletion effects must account for the power-law coefficient of half 
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observed in figure 5.17. Relating the structure to the power law requires a more 
quantitative analysis of the pair-distribution function. For this purpose the above plots are 
analyzed using spherical harmonic functions as described in the following. 
5.6.3 ANALYSIS OF PAIR DISTRIBUTION FUNCTION USING SPHERICAL HARMONICS 
To quantify the distortion and asymmetry observed in the dynamic pair 
distribution function g(r′) it is decomposed into an orthogonal series of spherical 
harmonic functions ( ),lmY θ Φ  as 
 ( ) ( ) ( ) ( )
1
,
l
lm lm
l m l
g g r g r Y θ
∞
= =−
′ ′ ′= + Φ∑∑r , (5.16) 
where r′  is the pair distance scaled by a mean pair radius. The functions 
( ),lmY θ Φ  are a set of orthogonal basis functions obtained from solutions of the angular 
portion of the Laplace equation in spherical coordinates. Every function Ylm (where 
0 andl l m l≥ − ≤ ≤ ) incorporates l and m symmetries in the latitude and longitude 
direction respectively. The expressions for ( ),lmY θ Φ  used for calculating ( )lmg r′ using 
equation (5.17) are listed in Appendix 5.C.  ( )lmg r′  are expansion coefficients or 
weighting functions and are indicative of prominence of the corresponding l-m harmonic. 
At every radial distance r,  the coefficients ( )lmg r′  in equation (5.16) can be computed as 
 ( ) ( ) ( )( ) ( )
, sin
, , sin
lm
lm
lm lm
g Y d d
g r
Y Y d d
θ θ θ
θ θ θ θ
′ Φ Φ
′ =
Φ Φ Φ
∫
∫
r
. (5.17) 
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Since ( )g ′r  must be independent of the choice of probe particle i.e., 
( ) ( )g g′ ′= −r r , and of the shear direction, odd values of l and m were omitted.  
Calculation of Stress Tensor using Spherical Harmonics 
Spherical harmonic dissociation of ( )g ′r  into dominant modes is useful because 
the coefficients ( )lmg r′  are related to the shear and normal stresses. Using the spherical 
harmonic expansion for ( )g ′r  from equation (5.16) in equation (5.14) and by integrating 
over the angular portions following expressions for the shear and normal stresses are 
obtained: 
  
( ) ( )
2
2 3
2, 2
0
 
15yx
r
u r
r g r dr
r
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σ ρ
−
=
∂
= −
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, (5.18) 
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 and (5.19) 
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5 3yy zz r
guN r g dr
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pi
σ σ ρ
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 ∂
= − = + ∂  ∫
 (5.20) 
where coefficients 2,0g , 2,2g , and 2, 2g −  quantify the modes which contribute to the 
normal and shear stresses. Note that only the second order spherical harmonic modes 
contribute to the above expressions as higher order modes integrate out to zero.  
 184 
Second Order Symmetry Modes 
Figure 5.21: Spherical harmonic coefficients g2,0, g2,2, and g2,-2 plotted 
versus the scaled radial distance for packings of polydisperse particles at 
fraction φ = 0.8 at varying applied shear rates (different colored lines).  
Magnitude of the weighing function ( )lmg r′  is indicative of the prevalence of l-m 
mode over a spherical surface of radius r. In figure 5.21, the three coefficients 2,0g , 2,2g , 
and 2, 2g − , calculated for a 80% packed suspension sheared at varying speeds are plotted. 
Clearly as the shear rate increases, the magnitude of the coefficients increases 
 (a) 
(b) (c) 
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accompanied by a shift towards smaller radii i.e., both, asymmetry of ( )g ′r  and the 
particle compression increase with the shear rates. 
2,0g  quantifies variation of pair-probability along the vorticity direction. A 
positive value of 2,0g  means higher probability around 0φ =  (the positive and negative z-
axis) than at / 2φ pi=  (the x-y plane) and the reverse if 2,0g  is negative. From the plot of 
2,0g  versus the radial distance [in figure 5.21(a)] it can be inferred that particles are closer 
to each other in the x-y plane than along the z-axis.  
2, 2g −  measures the uneven pair-distribution between the compression 
( )3 4, - 4θ pi pi=  and extension axes ( )4, -3 4θ pi pi= . A negative 2, 2g −  means 
accumulation along the compression axis. The plot in figure 5.21(c) confirms that 
particles are pushed closer along the compression axis i.e., along 3 4  and - 4θ pi pi= .  
2,2g  [in figure 5.21(b)] is a measure of unequal distribution of particles along the 
flow (x) and gradient (y) axes. The variation of 2,2g  at the lower shear rates is too noisy 
to indentify the preferred axis but it is negative at the high shear rates, indicating more 
accumulation along the x-axis.  
The contour plots in figure 5.20 and the spherical harmonic coefficients plotted in 
figure 5.21 show that upon shearing, the elastic particles arrange parallel to the flow and 
vorticity directions and the inter-particle solvent films are oriented perpendicular to the 
flow and vorticity axes. 
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Contribution of Microstructural Rearrangements to the Shear Stress 
Using the harmonic coefficient 2, 2g −  in equation (5.18) the shear stress can be 
computed. If we assume that the contribution of the elastic force could be approximated 
by a mean value, ( )u r r∂ ∂ , then the contribution of the microstructural 
rearrangements to the shear stress can be quantified as  
  ( )
2
2 3
2, 2
015
g
yx
r
r g r drpiσ ρ
−
=
= − ∫ , (5.21) 
where  
( )
yxg
yx
u r r
σ
σ
 
=  
 ∂ ∂ 
. 
g
yxσ  calculated for different packing fractions is plotted in figure 5.22 as a function of the 
applied shear rate. The power-law dependence of gyxσ  on the shear rate with exponent n = 
0.42 confirms that the microstructural changes in the system almost entirely account for 
the  ½  scaling observed in experiments and simulations. 
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Figure 5.22: Contribution of microstructural rearrangements to the shear 
stress gyxσ  given by equation (5.21). gyxσ  calculated using g2,-2 for different 
packing fractions φ  and applied shear rates ( )*Eηγɺ . The solid line is a 
Herschel-Bulkley-like fit ( )0.423 *1.1 10 0.5gyx Eσ ηγ−= × + ɺ  to data for 
0.8φ = . 
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5.7 Discussion and Concluding Remarks 
In this chapter, non-linear rheology of dense glassy dispersions of soft particles 
was investigated using molecular-dynamics-like simulations. Pairwise elasto-
hydrodynamic lubrication interactions were used to describe shear-flow of solvent in the 
thin gaps between deformed particles. The pairwise interactions included a normal elastic 
(lift) force (that resists deformation) and as EHL drag (that resists motion parallel to the 
facet). Shear stresses calculated from simulations of disordered packings at different 
densities sheared at varying speeds follow the experimentally observed Herschel-Bulkley 
flow curve – yield stress plateau at very low shear rates and power-law dependence 
(slope close to half) at higher shear rates (see figure 5.14). The yield stress calculated for 
different φ varied between 2-5 % of the paste modulus Go. The first and second normal 
stress differences, N1 and N2, were also calculated and were found to be equal and 
opposite just like for film fluids studied by Larson (1996).  
The variations of shear stress yxσ  and normal stress differences, 1 2 and N N , with 
the shear rate were similar for different packing fractions. The data for yxσ  and 
1 2 and N N , for different φ  collapsed together when the shear rate and stress were scaled 
by the particle relaxation time oGη  and the yield stress yσ , respectively (see figure 
5.17). The collapsed shear stress and normal stress difference curves agreed 
quantitatively with the experimental data from three SPPs namely, microgel pastes, 
compressed emulsions and dense micellar solutions. Particle simulations using simple 
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pairwise interactions derived from scaling arguments capture the universal shear rheology 
exhibited by soft particle pastes.  
There are a few subtle points to be noted. First of all the Hertz approximation for 
linear elastic deformation of an elastic sphere was insufficient for studying paste 
dynamics at high shear rates. A non-linear elastic model that incorporated increased 
resistance at higher particle deformations was then used to quantify the elastic and 
hydrodynamic forces between the particles. Because shear stress is dominated by 
contributions of the normal elastic forces, inclusion of the improved elastic force 
estimates corrected the disparity observed between the Hertz particle simulations and the 
experimental results in figure 5.11. Comparison between simulation results and 
experimental data in figure 5.17 is perfect at low shear rates. Spread between the results 
for different packing fractions at the highest shear rates is broader.  
That the shear stress and the normal stress differences are always dominated by 
the elastic contributions questions the importance, if any, of the elastohydrodynamic 
lubrication drag and establishes the significance of microstructural changes occuring in 
the system due to shearing. The latter was clarified in this chapter by calculating the pair 
distribution probabilities in a sheared packing. The contour plots and the harmonic 
function coefficients in figures 5.20 and 5.21, respectively, show that the paste 
microstructure evolved systematically with the applied shear rate. It explained the trends 
observed in the macroscopic shear stress and normal stress difference computations. In 
addition, figure 5.22 showed that indeed the scaling of the microstructural evolution with 
shear rate is commensurate to that of the macroscopic shear stress. 
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The question about the role played by the elastohydrodynamic drag force is more 
complicated and only a qualitative explanation is offered here. For this it is easier to think 
of the applied shear flow as a combination of a clockwise rotation and an extensional 
flow field. The extensional portion is responsible for higher particle deformations along 
the compression axis and smaller deformations along the elongation axis thus distorting 
the first neighbour peak of the pair-distribution function. Also important is the probability 
of locating a neighbouring particle along the axes. It must be directly proportional to the 
time spent by the neighbour along the compression axis which is turn is determined by 
the elastohydrodynamic drag experienced by the neighbouring particle along 
( )3 4, - 4θ pi pi= . Since the drag force on average scales with the applied shear rate 
raised to a power of half, the time spent and hence the probability of the locating a 
neighbouring particle along the compression axis must also increase similarly with the 
shear rate. However, a more concrete explanation with perhaps a scaling to justify the 
role of elastohydrodynamic drag is needed. 
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Appendix 5.A. Estimation of elastohydrodynamic lubrication drag force 
Consider two neighboring particles α and β  within the suspension that are located 
at xα and xβ respectively. When the system is at rest or when there is no relative motion 
neighboring particles are just compressed against one another and the overlap hαβ  and the 
elastic force at contact [given by equations (5.1) and (5.2) respectively] are  
 h a aαβ α β αβ= + − x , (5.A.1) 
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where aα and aβ are the particle radii and αβ β α= −x x x  is the relative position of particle 
β with respect to particle α. When the suspension is sheared, the particles will move in 
response to the applied force. If uα and uβ are the velocities then the components  of the 
relative velocity αβ β α= −u u u  normal and parallel to the contact facet are 
 
,
αβ
αβ αβ αβ
αβ
⊥
 
 = ⋅
 
 
x
u u x
x
, and (5.A.1) 
 
,
αβ αβ
αβ αβ
αβ
 
 = ⋅ −
 
 
x x
u u I
x

. (5.A.2) 
Relative motion leads to formation of a thin layer of solvent between particle facets. 
Solvent flow within this gap is governed by the following lubrication equation 
 ( )3 12p
t
δδ η ∂∇⋅ ∇ −
∂
= , (5.A.3) 
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where ( )x y∇ = ∂ + ∂  is the two dimensional gradient operator in the plane of contact, 
p(x,y) is the hydrodynamic pressure, η is the solvent viscosity and ( ),x yδ  is the gap 
height. Lubrication flow generates large viscous lift and drag forces which in turn govern 
the particle and gap dynamics.  
 The viscous lift force (normal to the plane of contact) must balance the particle 
deformation force given by equation (A.5.2) which in turn dictates the gap height δ  and 
its dynamics. There is also a viscous force (parallel to plane of contact) which contributes 
to the drag experienced by the particles. 
From equation (5.A.3) the average gap height δ can be approximately estimated 
from the following scaling arguments. From Hertz theory, radius of the contact plane is 
known to be c ca R hαβ= , which is also the characteristic distance in the plane of 
contact. If τc is the characteristic contact time and δa is the average gap height then 
equation (5.A.3) can be approximated as   
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The hydrodynamic pressure p must balance the total elastic pressure [equation (5.A.2)] 
and hence 
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Using the above estimate for pressure and contact time 
,c ca αβτ = u   with equation 
(5.A.4), the gap height can be estimated to be  
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This must be the average gap height during the contact. The detailed gap height variation 
can be obtained by solving equation (5.A.4) and equating the viscous lift force to the 
elastic force in equation (5.A.2). Upon calculating this for one particle sliding over 
another fixed particle, it was found that the gap height did not vary appreciably and its 
magnitude was close to that estimated from scaling arguments. Hence it is assumed that δ  
is constant during contact and is equal to the average value in equation (5.A.6) 
From the expression for δ  in 5.A.6 the viscous drag experienced by particles due 
to solvent flow must be  
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Appendix 5.B. Non-dimensionalization of particles’ equations of motion 
It is convenient to express the particle positions, velocities, inter-particle forces 
and stresses in units of their characteristic values. Particle size a is the only choice for the 
length scale L0. For a suspension of polydisperse particles the mean particle radius am 
was chosen for L0. If 0τ  is the characteristic time then the characteristic velocity is 
0 0mU a τ= . The non-dimensional particle position, overlap and velocities are   
0
, , and 
m m m
hH
a a a
τ
= = =
uxX U . 
where capital letters indicate scaled variables. The time scale can be chosen as either 
0 1τ γ= ɺ , which depends on the applied deformation rate, or *0 Eτ η=  which is the 
viscoelastic relaxation time scale of the particle. Since there is not obvious preference for 
one, the following equations have been derived for a general time scale 0τ .  
Using the above non-dimensionalizations and choosing the elastic force scale 
( )* 2mE a  as F0, the inter-particle elastic, elastohydrodynamic and Stokes-like drag force 
expressions from equations (5.2), (5.4), and (5.6) can be rewritten as 
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The non-dimensional equation of motion [derived from equation (5.8)] involves a 
summation of the above forces. For 0 1τ γ= ɺ   the above force expressions become 
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where λ  is the non-dimensional shear rate 
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For *0 Eτ η=   the non-dimensional forces are  
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 ( ) ( )
6S a Yfα α α
pi λφ= − −F U x .  
Both sets of equations are the same and it was confirmed that the simulations yielded the 
same results for both except that the results from 0 1τ γ= ɺ  and *0 Eτ η=  were noisy at 
low and high shear rates, respectively.  
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Appendix 5.C. Spherical harmonic functions used for analyzing the 
dynamic pair-distribution function 
The following spherical harmonic functions were used in equation (5.16)  
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CHAPTER 6 
 
CONCLUDING REMARKS 
 
6.1 Summary of work 
For my dissertation I have studied the rheology of dense colloidal suspensions of 
soft particles. The behavior of these “jammed” and glassy materials near boundaries and 
in the bulk was investigated systematically and the key material parameters (namely, the 
solvent viscosity and paste elastic modulus) and external conditions such as the nature of 
the confining boundaries (the physical roughness and surface chemistry), that govern SPP 
rheology were identified. A summary of the individual problems addressed and the novel 
contributions to current research on complex fluids are discussed in the following. 
Control of wall-slip near smooth surfaces by manipulating “stickiness” of the 
boundary 
In this study, careful measurements of the apparent flow of pastes under sub-yield 
stresses have been performed. It was found that the sliding yield stress, a critical stress 
below which there is no slip and the paste is stuck to the wall, is sensitive to the nature of 
the wall and the extent of wall-slip can be promoted (smaller yσ ′ ) or suppressed (larger 
yσ ′  values) by increasing either repulsion or attraction between the paste and the wall, 
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respectively. A model based on the concept of elastohydrodynamic lubrication was 
augmented to account for the surface chemistry at the paste-wall boundary. It has 
successfully explained the observed experimental trends in the sliding yield stress and the 
slip velocities for varying paste-wall interactions. It can be used as a tool for predicting 
the slip behavior for pastes sheared near a well-characterized surface. Alternately, given 
the process requirements the model can aid selection (or design) of a suitable flow 
boundary.  
Overall, the experimental observations and the modified elastohydrodynamic lubrication 
theory together form a first systematic study of the dependence of slip near smooth 
boundaries on the chemical nature of the surface.  
Tribology and heterogeneous flows of soft colloidal glasses 
The previous investigation of study was furthered with a microscopic investigation of 
wall-slip and flow in the bulk and near shearing boundaries. An in-house setup which 
combined fluorescence microscopy and particle tracking velocimetry techniques was 
used to observe paste flow-profiles under steady shear. Flow visualization of microgel 
pastes and compressed emulsions sheared near smooth surfaces confirmed under for sub-
yield stresses the layer of paste particles next to the wall is slipping while the rest of the 
material is solid-like. It also showed flow beyond yielding is either shear-banded or 
uniform depending on whether the paste-shearing boundary combination is attractive or 
repulsive, respectively. The non-linear velocity profiles measured for the attractive 
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combinations suggest a duplicity of flow curves (and hence flow mechanisms) for pastes 
sheared near adhering boundaries.  
This problem that began as an extension of the study of wall-slip has led to the 
finding of shear-banding in microgel pastes and compressed emulsions. Most studies on 
shear-banding have concentrated on relatively dilute micellar solutions. A few recent 
studies have looked at non-homogeneity as a function of interactions between particles or 
of physical roughness and confinement. In comparison, this study has helped discover the 
role played by the chemical nature of smooth boundaries on paste tribology and these, 
yet preliminary, findings uncover a new approach to the problem of inhomogeneous 
flows in glassy colloids.  
Elastic properties of dense packings of Hertzian spheres 
The aim of this project was to investigate the solid-like response of SPPs to small 
deformations. The suspension was modeled as a dense and disordered packing of elastic 
spheres and the pairwise interactions were estimated using the Hertz theory for small 
deformation of elastic spheres. From static simulations of packings sheared at the high 
and low frequency limits the shear moduli (which measure stiffness of the paste) were 
calculated as a function of packing density and particle stiffness. From various 
experiments on SPPs the low-frequency modulus of the paste was already known to 
govern their flow, wall-slip and elastic properties and simulations were helpful in 
computing this quantity for various SPPs. Approximate equality of the shear modulus 
and the net compressive pressure of pastes was also established.  
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Microstructure of the model packings was studied by computing the pair 
distribution function for undeformed and sheared packings. The long-ranged pair-
distribution function for the unsheared packings was similar to that of liquids. The first 
neighbor peaks at different packing densities were similar and could be could be 
collapsed with semi-empirical scaling of the distribution function. Knowledge of the first 
peak to the pair distribution function is particularly useful as it can used to predict 
different macroscopic quantities of the packings. Prediction of paste structure and hence 
its rheology is an interesting problem for future work on SPPs.  
Bulk dynamics and non-linear rheology 
The final portion of my dissertation is a simulation study of the non-linear 
rheology of soft particle pastes. The goal here was two-fold: (a) to understand the 
shearing mechanism in soft materials and the governing material parameters; and (b) to 
setup a simulation that could be used to study recovery of pastes after flow cessation and 
the underlying relaxation mechanisms.  
Dynamic simulations of SPPs under shear were begun with an initial conjecture 
that cage-effects (due to dominant steric restraints) must lie at the origin of yielding, and 
viscous drag from pairwise elastohydrodynamic lubrication between particles must 
dominate at higher shear rates and lead to the experimentally observed power-law 
dependence of the shear stress on the shear rate. Results from the simulations completely 
capture the experimental trends but show that in fact viscous contributions to stress are 
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usually negligible for the shear rates studied experimentally and have highlighted the 
importance of deformation of paste microstructure under shear.  
Unequal normal stresses generated in a glassy colloid under shear have been 
calculated which showed that the excess normal stresses in the gradient and vorticity 
directions are equal and opposite. The simulations predicted that the normal stress 
differences must increase with the shear rate raised to half power and subsequently 
motivated experimental measurements of the normal forces generated during shear which 
confirmed the simulation findings.  
 
6.2 Suggested Future Work  
The different studies of SPP rheology presented in chapter 2 through chapter 5 
have brought to light new questions about flow and tribology of pastes, a few of which 
are proposed in the following. 
The first and important question is: how is the elastic deformation energy stored 
during shear relax to give rise to the observed logarithmic and apparently never ending 
recovery of pastes after flow cessation. It is clear that there must be a distribution of 
relaxation times which when put together can lead to the logarithmic aging behavior but 
is there a way of quantifying these together with the microscopic rearrangements that 
must be occurring in the system?  
From simulations of bulk elasticity and shear rheology of pastes the importance of 
the material architecture in determining the macroscopic rheology has been established. 
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A theory for the microstructure of the pastes and its response to external stimuli can be 
developed. Using the pairwise interactions as an input the theory can be used for making 
quick predictions of the properties and behavior of SPPs.  
Lastly, it is unclear how the nature of smooth boundaries influence flow and 
yielding of pastes. The experimental results presented here and other studies have 
confirmed that paste tribology can drastically change under confinement and near 
surfaces. The results reported in Chapter 3 show that the chemical (wetting or non-
wetting) and physical (rough or smooth) nature of the surface plays an important role in 
deciding the flow mechanism. Goyon et al. (2008) have shown that confinement of pastes 
between closely spaced smooth and rough plates is also important. For this more 
experiments for varying gap height but constant boundary interactions would be helpful. 
Also a theory or a simulation study is needed to shed light on the origin of shear banding 
near smooth attractive surfaces.  
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